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Abstract. We study the representation theory of the rational Cherednik al- 
gebra Hk, = H^C^i) for the cyclic group Z; = X/IZ and its connection with 
the geometry of the quiver variety StJTg (5) of type j4j^'j . 

We consider a functor between the categories of HK-modules with different 
parameters, called the shift functor, and give the condition when it is an 
equivalence of categories. 

We also consider a functor from the category of _ffK-modulos with good 
filtration to the category of coherent sheaves on 3Jlg((5). We prove that the 
image of the regular representation of by this functor is the tautological 
bundle on VJlg(5). As a corollary, we determine the characteristic cycles of the 
standard modules. It gives an affirmative answer to a conjecture given in | Go| 
in the case of . 

1. Introduction 

1.1. Background. The rational Cherednik algebra for the wreath product Z; I 
&n of the cyclic group Z/ = Z/ZZ and the symmetric group S„ is defined by 
[EG| . Let D(C"gg) be the algebra of algebraic differential operators on C"gg = 
{{xi, . . . ,Xn) \ Xi ^ 0,xl ^ Xj}. The rational Cherednik algebra is a subalgebra 
of the smash product Z)(C"gg)#(Z/ I 6„) which is generated by the multiphcation 
of functions, Z/ I 6„ and the Dunkl operators. The category of modules over the 
rational Cherednik algebra contains an interesting subcategory called the category 
O. The category O is the subcategory of modules on which the Dunkl operators 
act locally nilpotcntly. The category O is a highest weight category in the sense of 
[CPS] . 

In this paper, we consider the case of n = 1. Our work is motivated by the 
papers [GS1| and |GS2| . in which the case I — 1 was considered. We first review 
this case. 

The rational Cherednik algebra Hd&n) is the algebra with a parameter c S R. 
We denote the category O of Hd&n) by Od&n)- By results of [Op| , |He| and 
[BEG] ■ we have a functor called a shift functor (or a Heckman-Opdam shift functor), 

(1) Sc : i?c(©n)-Mod i/e+i(©n)-Mod. 

If the shift functor Sc is an equivalence of categories, we can construct a functor 
from the category of filtered modules ffc(©n)-filt to the category of coherent sheaves 
Coh(Hilb"(C2)) on the Hilbert scheme of n points on C^, 

(2) $c : i?c(6n)-filt — > Coh(Hilb"(C2)). 

We recall that Hilb"(C^) is a symplectic resolution of the singularity C^"/(5„, 

TT : Hilb"(C2) — > C2"/6„. 
These functors Sc and <I>c are generalized to the other cases by |Mu| , |Bo| and |Va| . 



Key words and phrases. Cherednik algebra, quiver variety, category O, characteristic cycle. 

1 



2 



TOSHIRO KUWABARA 



In [GS1| and [GS2j . Gordon and Stafford also considered the images of certain 
modules by $c- Consider the rational Cherednik algebra Hc{&n) itself as a left 
i/c(6n)-module. Then the corresponding coherent sheaf ^c{Hc{&n)) coincides with 
the Procesi bundle on Hilb"(C^). The Procesi bundle, which was defined in [Hal] . is 
a vector bundle whose fiber is isomorphic to the regular representation of 6„. As a 
corollary of the above result, they described the images of the standard modules by 
the functor <I>c and determined their characteristic cycles. The characteristic cycle 
Ch(M) is an invariant of a module M in Oc(6n), which is the sum of irreducible 
components of Supp$c(Af) with multiplicities. The standard modules of Hc{&n) 
are indexed by partitions A of n. Denote them by Ac(A). Let {xi, . . . , Xn, yi, ■ ■ ■ , JJn) 
be a coordinate system of C^". The irreducible components of 7r~^({yi — ■ ■ ■ = 
Dn = 0}) are indexed by partitions n of n. Denote them by Z^. Let [Z^j^] be the 
homology class given by Z^. One of the main results in }GS2| is 

(3) Ch(A,(A))-^XAp[Zj 

for each partition A of n. Here i^A/i G ^>o is the Kostka number. 

In the general case, the rational Cherednik algebra Hh{Zil6n) has an ^-dimensional 
parameter h G M}. The Z-multipartitions of n parametrize the standard modules 
of the category Oh{^i I &n)- We have the partial ordering >rep,h on the set of l- 
multipartitions of n, which arises from the structure of the highest weight category 
OhC^i I &n)- This ordering >rep,h depends on h. 

Let 9Jlft,(n(5) be the quiver variety of type with the stability parameter 

h G Q'' and the dimension vector n6 = (n, . . . ,n). Similarly to the case of 6„, 
the /-multipartitions of n parametrize the components of a certain subvariety of 
DJlh{n6). The action of T = (C*)^ on yjlhinS) induces a partial ordering C>geom,/i 
on the set of Z-multipartitions of n. The ordering [^geom,h also depends on h. 

Consider an analogue of the functor ^ in the general case. It has been conjec- 
tured that the representation theory of Hhi'^i I &n) is deeply connected with the 
geometry of TlhinS) ([Go], jVa|). The functor 

: Hh{1i I ©„)-fih Coh(9Jlft(?i(5)) 

is defined for generic h in [VaJ. In [GoJ, Gordon compared the ordering !>rep,/i and 
the ordering >geom,h, and proved that \>geom,h refines \>rep,h- He conjectured an 
analogue of the identity ^ in the general case (Question 10.2 in jGoj V 

1.2. Shift functors and their equivalences. In this paper, we consider the 
rational Cherednik algebra H^, ~ Hi^{Zi) in the case of n = 1. Here k is an 
{I — l)-dimensional parameter k = (Ki)i=i....,z-i G K.'^^. Let 7 be the element of Z/ 
which acts on C* by the multiplication of C = exp{2Tr^/—l/l). The algebra i/^ is 
the subalgebra of Z3(C*)#Z/ generated by the coordinate function 7 e Z; and the 
Dunkl operator y = {d/dx) + {I I x)Y^~^f^ KiCi where = (1/0 Sj=o C'"'7"' ^ CLi. 
As a vector space, we have 

H^^C[x\ ®c CZj ®cC[y]. 

The algebra is isomorphic to another algebra called the deformed preprojective 
algebra defined by Crawley-Boevey and Holland in CBHJ and [HpJ . Let Q — (/, E) 
be the Dynkin quiver of type such that / = {/q, . . . , is the set of vertices 
and E = {Fi : — > i = 0, . . . , ^ — 1} is the set of arrows. We regard indices 
for vertices and arrows as integers modulo I. For A = (Ai)i=o,....i-i € (oi' '^^ 
regard the sum A^ -I- A^+i + • • • + Xj-i as cyclic, i.e., 

K + A,;+i + • • • + =X^ + ■■■ + Xi-i + Ao + Ai + • • • + Aj_i 
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if j < i. Let Rep((5, 5) ~ C' be the space of representations with the dimension vec- 
tor ,5 (1, . . . , 1). Set GL{S) = n-lj C* and set qI{S) = Ce(') = Lie{GL{5)). 
Let to, t/-i G C[Rep((5, i5)] be the coordinate functions, and let do, 
di-i G D(Rep{Q,S)) be the corresponding differential operators. Let M.[ be the 
set of A = (Ai)i=o,...,i-i G such that Aq + • • • + A;_i = 1. For a parameter 
A = {Xi)i=o,...,i-i G an algebra Ta is 

;-i 

rA = M,(i5(Rep(Q,J)))«^(^) /^M,(i?(Rep(Q,<5)))«^(*)(T(e«)-A,), 

where r(eW) = + -t.^i) G Mi{DiRep{Q, S)))'^^'^^'> . By [Ho, Cor 

4.6], this algebra is isomorphic to the deformed preprojective algebra Tlx defined 
by [CBH] . Moreover, the algebra Tx is isomorphic to for A; = Ki+i — Ki + (1/0- 
Set Ci = Eii. Denote the spherical subalgebra of by = e^Ht^eQ. The algebra 
t/„ is isomorphic to the following subalgebra of Tx 

i-i 

Ax = eoTxeo ^ i?(Rep(Q, <5))^^(^) / ^ i?(Rep(g, <5))«^(^)(.(eW) - A,) 

i=Q 

where t(e^'-') = U+idi+i — tidi and A^ = A^ — Siq. A Dynkin root is a root (3 = 
{Pi)i=o....,i-i G Z' such that /3o ~ 0. Then, the (y^A, '?A)-bimodule e^Tx yields 
a Morita equivalence between Tx and ^a if A = {Xi)i=o,...j-i satisfies (A, /3) = 

I]'=o ^iP^ ^ '^ll Dynkin roots /? = (/3i)i=o,...J--i G I}. 

For i = 0, . . . , ^ — 1, the standard module l^x{i) is the following 7A-module: 

^x(i) = {Tx/TxA*)e, 

where A* — X]i=o ^ G We have the isomorphism of vector spaces 

Ax{t) = C[A]U 

where A = X]i=o ^U&Tx and 1^ is the image of e^. 

Let Z[) be the set of 6* = (6'i)i=o....j-i G 1} such that 6*0 + h e*;-! = 0. For 

9 G Zq, let xe be the character of GL{d) 

i-i 

i=0 

for g = (gi)i=o,....(-i G GL{5). We define the shift functor 5^ for A = {\)i=o,...,i^i G 
M'l and = (0-).=o....,i-i G Z(„ 

5a : -4A-inod — > ^A+e-niod 

TV S« N 

where ,Ba is the following (y^A+e, -4A)-bimodule of semi- invariants 

r -.GL(5),XB 

Z?(Rep(Q, <5)) / Z?(Rep(g, <5))(t(e«) - A,) 



We also define the functor, 

5a : 73^-mod — > 73^+e-mod, 

M ^ Txeo ®A>.+e ^1 ®A>. eoM. 

Since the algebra Tx has (/ — l)-dimensional parameter, we have the {I — 1)- 
dimensional parameter G Z' for shifting the parameter A. Thus we have many 
shift functors for the same Tx while we have only one shift functor Sc for Hc{&n)- 
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We study the case when the shift functors and are equivalences of cate- 
gories. The main difficulty of this question is that we must consider complicated 
combinatorics which depends on the (/ — l)-dimensional parameters A and 9. 

Define the following sets of parameters 

Keg = {A = {Xih=o....J-i e K'l I A, + • • • + Aj_i ^ for aU ^ ^ j}, 
Il^^g = {61 e Z[, I 6*,; + • • • + ^ for aU i 7^ j} , 
4 - - {^^)^=o....,l-l e \ e, + --- + Oj^i < if A, + • • • + A,_i e Z<o}. 

The set of parameters Z^.^^ is decomposed into {1 — 1)1 alcoves. If A e Keg 
generic, we have = '^ieg- If ^ belongs to Keg ^ ^ 1 is one of (I — 1)! alcoves 
in TL\^g. 

Then the following theorem is the first main result of this paper. 

Theorem 1.1. For A e Rj-eg 0,^(1 9 e Z'j^^ , the shift functors 5^ and 5^ are equiva- 
lences of categories. 

Moreover, we explicitly determine the images of the standard modules by 5^. 
The parameter 9 — (6*^)^=0,. defines a total ordering \>g on the set of indices 
A = {0,1,...,Z-1}, 

i>0j^9i^ h 6*^-1 < 0. 

If 9 and 9' belong to the same alcove in Zj.^^, then ]>g is equal to ]>g:. Let !>rep,A be 
the partial ordering on A defined as i ^rep,\j if and only if Hom7-^(A>,(j), Aa(?)) ^ 
0. Our total ordering \>g refines the partial ordering '>rep.x when 9 G l}-^, i.e., 
Homr;^ (AaO), ^\{i)) 7^ implies i \>g j. Let 771, . . . , 77; be the elements of A such 
that 

(4) Vi r/i-i ^0 ■ ■ ■ ^0 Vi- 

Proposition 1.2. For i — I, ■ ■ ■ , I, we have an isomorphism of A\+g -modules 
eoAx+e{r]r) SHeoAxim)) = eoAx{vr), 
eototi-i ■ ■ - tjj- Ijj- ^ fi® eototi^i ■ ■ - t^j. 1^. . 

where 

l-l i-l 

1.3. Construction of a tautological bundle. Next, we consider analogues of 
the functor ([2|) and determine the image of the regular representation by this 
functor. 

For 9 e Keg' fii*3 quiver variety D)lg{5) with the stabihty parameter 9 can be 
described as follows. 

me{S)=FToiS, 

meZ>o 

where /i : Rep((5,(5) — T*Kep{Q,5) — > sK^)* is the moment map. The variety 
dJle{S) gives a minimal resolution of the Kleinian singularity C^/Z;, 

For any 9 E Kegi '^0^^) is isomorphic to the toric variety X(A) defined in Sec- 
tion [ 
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For A e Rl^g and 9 e Z{, we define the functor 



$i : TA-mt Coh(Me((5)) 



(5) 

as in [Bo]. 

We define a locally free sheaf Ve on £Dte(J) as follows 

Then T'g is a tautological bundle of the quiver variety dJl0{S). It is an analogue of 
the Procesi bundle on Hilb" (C^ ) . Although the structure as an algebraic variety of 
Syte{S) is independent of 9, the tautological bundle Ve depends on 9. 

We have a construction of the minimal resolution of C^/Z; by the toric variety 
X{A) (Section 13. 2p . We prove the following proposition using this construction. 
This is an analogue of a result of (Ha2j for the Procesi bundle. 

Proposition 1.3. For m G Z>o, we have 

eoM,(C[/i"i(0)])G^(^)'>^" (p = 0), 
(p ^ 0). 



HP{me[5),Ve®0{m)) 



where 0(1) is the twisting sheaf of ofWle{5) associated to the homogeneous coordi- 
nate ring S (see |Har[ p. 117]/ 

We make use of this proposition to calculate the (g, t)-dimension of the module 
eoAf/(C[^~^(0)])'-'^^''''''", i.e., the character with respect to the T-action. 
Using this result, we obtain the following second main result. Set 

^'reg = {{W=0,...,l-l G Keg I A. + • • • + + for aU I ^ j}. 

Theorem 1.4. For A e IRj-eg o,"^^ ^ ^ ™^ have an isomorphism of coherent 
sheaves on Tle{S) 

As a corollary of Theorem 11.41 we have 

Corollary 1.5. For A G K-eg' ^ ^ ™^ have the isomorphism 

$«(Aa(*)) ~ {Ve/VeA*)e, 

where A* = X^to-^j-i-* ® ?i € and = di is the image of di in 

gr D(Rep(Q, ~ ' £[^i-^{<d)]GL{S) . 

1.4. The characteristic cycles of the standard modules. Finally, we deter- 
mine the characteristic cycles of the standard modules. 

The structure of the subvariety ''^g^{{y = 0}) is well-known: we have 

i=0 

where is one-dimensional affine subvariety depending on 9 defined by (jlip in 
Section [Ql We denote by Ui the closure of Then, the irreducible components 
oiTTg^{{y = 0}) are Uq, Ui^i. 

The following proposition is the third main result. 
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Proposition 1.6. For i ~ \, ■ ■ ■ , I, we have 

i 

where rji is the index defined on 

This proposition answers a conjecture in [Go] in the case of Zj. Consider the 
geometric ordering defined in Section 5.4 of [Go| . 

i >geom,9 3 if « 7^ j and Ui n Uj ^ 0. 

By the general theory of quiver varieties, if 9 and 9' belong to the same alcove in 
^regi >geom,6 IS equal to \>geom.e' ■ Moreovcr, we show that the geometric ordering 
^geom,e IS equal to the ordering l>e- Thus, we have 

Vl ^geom,e Vl-l ^geom.e ■ ■ ■ ^geomfi Vl- 

Therefore, Proposition 11.61 is written as 

This is an affirmative answer to Question 10.2 of |Go| . 

The functor $^ of (O confirms a deep connection between the representation 
theory of T\ and the geometry of dJlg{S). In fact, to prove Theorem II. II and The- 
orem 11.41 we make use of this connection. Although Proposition 11.21 is purely 
representation theoretical, the elements fi are obtained from the information on 
the geometry of DJle (S) ■ 

1.5. Plan of paper. The paper is organized as follows. In Section [XT| we recall 
the definition and basic facts about the quiver variety dyig{5). In Section [321 we 
recall the construction of the minimal resolution of the sing ularity C'^/Zi as a toric 
variety, and compare it with D}le{S). In Section [?751 we construct the tautological 
bundle Ve- In Section [3. 41 we prove Proposition ll.3l bv using well-known facts about 
line bundles on toric varieties. In Sect ion [^3] and Section lXHl we calculate the {q, t)- 
dimension of C <^c[to-ti_^] eoMi{C[^i~^{0)])^^'^^^'^o . This result is used when we 
prove Thcorem ll.4l In Section H?T] and Section we define the rational Cherednik 
algebra and the deformed preprojective algebra 73, , and recall their fundamental 
properties. In Section 14.31 we prepare some conditions for the parameters A and 
9, and define the ordering >g. In Section [13 we define the shift functor and 
prove Theorem 11.11 In Section l475l we calculate the q-dimension of C (Xicfto - ti-i] 
eo^A. We use this result to prove Theorem ll.41 In Section [51 we recall the 
definition of the functor In Section [^l we prove Theorem 11.41 In Section 1^751 
we prove Corollary [L5] and Proposition 1 1.61 
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2. Preliminaries 

2.1. Basic notations. Fix an integer / e Z>o. We define two sets of parameters. 

Let Z[) be the set of = (6',)i=o,...,i-i G Z' such that 9o-\ h 9i-i = 0. Let R[ be 

the set of A = {Xi)i=o,...,i-i S M' such that Aq H + A;_i = 1. 

Set 7 = *° element of SL2{C) where C = exp(27r\/^/Z). Let 

Z; = Z/ZZ be the finite subgroup of SL2{C) generated by the element 7. Denote the 
group ring of Z; over the field C by CZ; . For i = 0, . . . , Z— 1, let be the idempotent 
Bi = {l/l) X]j=o C*"'7"' G CZi. Then we have CiCj = dijCi, and CZ; = 0^Iq Ce^. For 
i = 0, I — 1, let Li = Clj be the one-dimensional irreducible representation of 
Z; on which Cj acts by Cjli = Sijli. 

For a group G and a G- module M, we denote by M*^ the G-invariant subspace 
of M. For a character x of the group G, we denote by M'^'^ the semi-invariant 
subspace of M belonging to the character x, i-e., 

MG'X = {v(z M \ gv = x{9)v [g € G)}. 

For a C-algebra i?, let Mi[R) be the ? x / matrix algebra whose elements have 
coefficients in R, i.e. 

Mi{R)^Mi{C} ®c R- 
Let Eij be the matrix in Mi{R) such that the (i', j')-entry of Eij is given by Su'Sjj'. 

For an algebra R, denote by iZ-Mod the category of iZ-modules. Let iZ-mod be 
the full subcategory of i?-Mod whose objects are finitely generated over R. 

Fix an affine variety X. Let C[X] be the ring of polynomial functions on X. Let 
D{X) be the ring of algebraic differential operators on X. For an Ojc-module 
and a point x e X, we denote the stalk of at x by J^x- We define its fiber at x 
by J^{x) = Tx ®Ox,^ where C ~ Ox,x/'^x and ttIx is a unique maximal ideal of 
Ox,x- We denote by Qcoh(X) the category of quasi-coherent sheaves on X and by 
Coh(X) the category of coherent sheaves on X. 

2.2. Quivers. A quiver Q = {I,E) is a pair of a set of vertices / and a set of 
arrows E equipped with two maps in, out : E ^ I. We assume / and E are finite 
sets. Let Q* — {I, E*) be the quiver with the same set of vertices I and the set of 
arrows E* = {a* \ a ^ E} where a* is an arrow such that in{a*) = out{a) and 
out{a*) = in{a). Let Q be the quiver (I,EU E*). 

A representation of a quiver Q — {I,E) is a pair {V, {4>a)aeE) of an /-graded 
vector space V = 0jg7 Vi and a set of linear maps (pa '■ Vout{a) ^ Vinia)- For an 
/-graded vector space V = ©jgj Vi, its dimension vector is dimV = (dim Vi)^^/ € 
(Z>o)^. For a dimension vector v = {vi)i^i, the space of representation Rep{Q,v) 
is the following space: 

Rep(Q, = HomCC""*'") , C-t")). 

aeE 

We identify a point {4>a)aeE ofKep{Q,v) and a representation {4>a)aeE)- 
Fix a dimension vector v = Let GL{v) be the Lie group HiGi ^-^wi(C) 

and let q\(v) be the Lie algebra of GL{v): qI{v) = 0jg/flI„4(C). The group GL{v) 

acts naturally on 'R.ep{Q,v). 

Let ( , ) : X — > R be the bilinear form (A, /x) = J2iei ^ ~ {^i)ieij 

/« = (Mi)ie/- 

2.3. Quiver of type In this paper, we consider the McKay quiver associated 
to a group Z; = Z/ZZ with cyclic orientation. In other words, it is a Dynkin 
quiver of type with cyclic orientation. Let Q = (/, E) be a quiver with 
I = {Iq, . . . , /;_i} as the set of vertices and E = {Fi : 7i_i — > /, | i = 0, . . . , Z — 1} 
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as the set of arrows. We regard indices for vertices and arrows as integers modulo 
I, i.e., we consider /_i — Fi — Fq and so on. 

Iq 

We identify iJ = ll and the root lattice of type , and identify = M' and 
the dual of the Cartan subalgebra. For « = 0, . . . , Z — 1, let Ci € be the standard 
coordinate vector corresponding to the vertex 7^. Under the above identification, 
we regard eoj • ■ • j a-s simple roots. Let 5 = (1, . . . , 1) be the minimal positive 
imaginary root. A root /3 e is called a Dynkin root when (/?, eo) = 0. When a 
positive root /? = (/3i)i=o,...,i-i G satisfies (3^5 and (3i < 5i — 1 for all i — 
. ..,1-1, we write /3 < (5. For A = (Ai)i=o,... J-i G = M' (or Z^^ = Z'), we regard 
the sum + Ai+i + • • • + Aj_i as cyclic, i.e., 

Ai + Xi+i + ■■■ + Xj-i = A, + • • • + A,_i + Ao + Ai + • • • + Aj_i 

if j < i. 

3. Quiver varieties 

3.1. Definition of quiver varieties. In this subsection we review the definition 
and fundamental properties of quiver varieties which were introduced by Nakajima 
in [Na] . 

Define the quiver Q — {I, E) as in Section The space of representations 

Rep(Q,(5) = {(a„6.),=o,...,i-i I a„b, e C} ~ C^' 

is a symplectic manifold with the symplectic form X)i=o '^^i ^ ^'^i- have the 
symplectic action of GL{5) on Rep((5, 5), and the corresponding moment map is 

/i:Rep(Q,(5)— ^0[((5)*~C', 
(fli, 6i)j=o,...J-i '"^ (ai^i — ai+i&i+i)j=o,...J-i- 

Let to, ... , t;_i and • ■ ■ j G C[Rep((5, (5)] be the coordinate functions such 
that t_i((aj,6j)j=o,...,i-i) = Oi and ^,((oj, 5j)j=o,...,i-i) = h for (a^ , 6j)j=o,...,i-i G 
Rep((5,(5). Then we have 

C[Ai"^(0)] = C[io, ■ ■ • ,i/-i,Co, • ■ ■ / - U+iS,i+i)i=a,...j-i- 

The group GL{5) acts on C[/i^^(0)] as follows. 

for i 0, . . . , Z - 1 and g = (gfe)fe=o,... J-i G G'L((5). 

Fix a parameter 61 = (6*02=0,. ...i-i G Zq called a stability parameter. For a 
representation [V, (a^, 6i)i=o,...,i-i) of Q with the dimension vector 5, we call it 9- 
semistable if ( dim VF. 0) < Q for any subrepresentation W of V . Define the subset 
^l-^{0)e of C Rep(Q,,5): 

Ai"^(O)0 = {(aj,6.0»=o,...J-i e /^"^(O) I 

(flj, 6i)j=o....,i-i is a 0-semistable representation.}. 
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It is a Zariski open subset of /i~^{0). For p, q E /i^^(0)e, we denote p ^ q when the 
closures of GL((5)-orbits intersect in /x~^(0)e. Then ~ is an equivalence relation. 
Then we define the quiver variety 97le((S) as follows: 

For a point (a^, 5^)^=0 € /i~^(0)e, we denote by [a.;, 6i]i=o,....i-i the correspond- 

ing point of Tlg{S). 

Remark 3.1. Although our definition of the quiver variety is different from one in 
|Na| . DJIb(S) coincides with ^Xft(^^^^^^•J{v,w) with — 0, = 9, -v — 6 and w = eo- 
This definition is the same as one of jNa2i Section 4] . 

For 61 = 0= (0, ...,0), we have 

ano(5) ~ cyzi 

(see [CSl l. 

Proposition 3.2 ( fKr] . [Na2j ). // a stability parameter 9 = (^i)i=o,...,i-i G 
satisfies {6,13) ^ for all positive roots (3 which satisfy {3 < 5, 97le(5) is nonsingular 
and we have a minimal resolution of Kleinian singularities of type Ai^i: 

In this paper, we always consider the case when the stability parameter € Zq 
satisfies {9, (3) for all positive roots (3 which satisfy (3 < S. Set 

(6) Zl^g = {9 eZ'^l {9, /?) 7^ for aU positive roots (3 which satisfy (3 < 5} . 

For a stability parameter 9 = (^i)i=o,...,i-i G ^reg: define the following graded 
commutative algebra 

'5' = S'to, 

where is the character of G'i(^) given by X9(ff) = IltoCffO^' forg = (gi)i=o,...,i-i € 
GL{5). The injective homomorphism Sq ^ S induces the morphism of schemes 

Proj S — > Spec Sq ~ CV^;. 

We have the following construction of quiver varieties. 

Proposition 3.3 ( [CS| . [Na2j ). As schemes over C^/Z;, we have the following 
isomorphism: 

me{6) ^Pvoi S. 

The above construction induces the twisting sheaf on the scheme Tle{S) ~ Proj S 
which we denote by 0(1) (see |Har| p. 117]). 

Fix a stability parameter 9 = (0i)i=o,....(-i G '^reg- The two-dimensional torus 

T = (C*)^ acts on the quiver variety Tle{S) as follows: for [a^, bi]i=o i_i e dJle{S) 

and (mi, m2) G T, 

{mi,m2)[ai,bi]i=o,...,i-i = [miOi, ?Ti26,;]i=o,...,;-i- 

The group T acts on by (toi, m2)(a, 6) i— > (mia, 77126) and it induces the T-action 
on C^/Z;. Moreover ng is T-equivariant. The variety 3Jle(5) has I T-fixed points 
Po, . . . , pi-i where pi = [uj, 6j]j=o....,i-i is given as follows: 

Oi =0, 5i = 0, 
aj-=0, bj^O if9, + 9,+i + --- + 9j^i <0, 

(7) flj 7^ 0, 6j = if 6*, + 9,+i + ■■■ + 6ij_i > 0. 
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Note that we have 9i + 6*2-1.1 • • • + ^j-i 7^ for all i 7^ j by the assumption 6 E "^reg- 
Define the ordering >geom,e on the set A = {0, ... Z — 1} by 

(8) i Ogeom^e j ^4 H V Qj-i < 0. 

Since we take 9 e Z'reg, the ordering >geom,e is a total ordering. 
Set ?7i , . . . , 77; be the indices in A such that 

(9) rji t>geom,e Vl-l >geom,e ■ ■ ■ >geomfi Vl- 

By ([7]) and ([8|), for ~ [aj,bj]j=o,...,i-i, we have 

(10) #{j eA\b,^0} = i-l. 

Proposition 3.4. For i — 1, . . . , I, the fixed point p^. — [oj, bj]j^o,...,i-i is given 
by 

Or,^ = 0, hrfi = 0, 

ar,j = 0, b,,^ ^ for j < i, 
flr,, 7^ 0, b,,^ =0 for j >i. 

Proof. By ^ and ©, we have 

+ ^ij-i < for j = 1, . . . , i - 1. 

Thus we have 

a^^ = 0, 7^ for j < i. 

By (Uni), we have 

□ 

For i = 0, — 1, we define the following one-dimensional affinc subvariety of 

(11) 

b^ = 0, 



aj-=0,5j7^0 if 61, + --- + 6ij_i < 0, J> c SWe((5). 
a^- ^ 0, 6j = if 61, + • • • + 6'j_i > 0. 



(12) - <^ K-,6,],=o,...,;-i 



Clearly G iYf for alH = 0, . . . , / — 1. We denote by Ui the closure of By 
Proposition 13.41 is given as follows. 

a,,^. = 0, bn^ 7^ for j < i, 
a»;j 7^ 0, br,^ = for j > i. 

The ordering ^geom,e is related with the T-action on Tle{6) as follows. We 
denote pi pj when there is a point [ofc, 6fc]fc=o,...,i-i G ''■^^^(O) such that 

lim (m"\r7i)[afc,6fc]fc=o,...,;-i 

m — >0 

and 

lim (m, m"^)[afc,6fc]fc=o,...,;-i =Pr 

By Proposition 13.41 and p^ . taking [flfc, 6fe]fc=o,...,i-i on Z^/^., we have p,,; ^ Ptyi-i 
for each i = 2, . . . , /. 

The structure of the subvariety T^g^dy — 0}) is well-known (see [Sll Lecture 1]). 
The subvariety T^g^dy = 0}) is the disjoint union of 

i-i 

ng\{y^O})^\JU? 

4=0 

The irreducible components of 7^g^{{y = 0}) are Uq, ■ ■ ■ , Hi-i- 
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For 1 = 1, 1, we have 

and lAr). does not intersect with W,,. unless j — i + 1^ i, i — 1. 

3.2. Quiver varieties vs. toric varieties. In this subsection, we compare two 
constructions of the minimal resolution of Kleinian singularity C^/Z^: i.e. as a 
quiver variety and as a toric variety. 

Let iV = Z2, M = Hom(Ar, Z) ~ I? and let 

{,) -.M xN — > Z 

be the natural pairing. Set w,; = G for < « < L Let ai = M>o'yi +M>o'yi_i 
be a 2-dimensional cone for i = 1, . . . , L Let A be the fan with the 2-dimensional 
cones Gi for i = 1, . . . , I and the 1-dimensional cones R>oWi for i = 0, . . . , /. 
Then the toric variety X{/S) associated to the fan A gives the minimal resolution 
of CVZ,: 

(13) X(A) — ^C^/li. 

For i = 1, ...,/, let Mi — M Ci di be the semigroup where ai — M>o(«, —1) + 
]^>o(l — 1) is the dual cone of ai. Let Ri = CMi be the group ring of Mi and let 
Xi = Spec Ri. The toric variety X{A) has the open covering ^(A) = [Ji^i Xi. 

Let u = (1,0), V = (0,1) be the basis of the lattice M. Then, R, = C[u'v'^ ,u'^"'v]. 
Let xy — u, y' — v. Then we have 

R,=C[x'f~',x'-'y'+^~']. 

The natural embedding C[x,y]^' Ri induces the morphism Xi C^/Z; of p^ . 

Let rrii — (x'y'~', a;^~*2/'+^^*) C Ri be the maximal ideal of Ri. It is the maximal 
ideal corresponding to the unique T-fixed point in Xi. 

Fix a stability parameter 9 = {9i)i=o,...,i-i & ^reg- We consider the quiver 
variety ^3Jlg{6) defined in Section [37T] By Proposition [321 we also have the minimal 
resolution 

Thus we have an isomorphism of algebraic varieties 

meid)^X{A). 

We construct this isomorphism explicitly. 
For i = 1, . . . , Z, let 



R'^C 



where rji, . . . , rji are the indices defined on . Note that the polynomials in R[ 
have no poles at the fixed point Pru^i^i by Proposition [331 
Then we have an open covering 

/ 

Tle{6)^\Jxi Xl = SpecRf,. 

Thus, for 1 = 1, . . . , Z, we define an isomorphism, 

i?- — > Ri, 

tj 1-^ X {j = Q,...,l-l), 

^j^y (j = 0,...,;-!). 

This induces the isomorphism of algebraic varieties 
(14) MeiS) — ^ X{A). 
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Set 



(15) m;; = 



This is a maximal ideal of i?^. This ideal corresponds to the T-fixed point Prii_ -^i G 
■ 

3.3. Tautological bundles. In this subsection, we define tautological bundles on 
the quiver variety DJlg^S) and give their explicit construction. 

A tautological bundle is defined as follows. Consider a vector bundle of rank I on 
fi~^{0)e whose fiber is isomorphic to the representation of Q given by (a^, 6i)i=o,...,i-i 
for each point (a^, 6^)^=0,. ..,i-i G ^J-~^{Q)e- If the vector bundle descends to a vector 
bundle Ve on Tle{S), we call Ve a tautological bundle. 

To construct a tautological bundle, consider the matrix algebra 

MliC[^l~\0)]) ~ Af/(C) (g>c C[fi-HO)]. 
The group GL{S) acts on A/,(C) by 

(16) g ■ E,j = gigj'^Eij 

for g = {gk)k=o,....i-i € GL{S) and < i, < Z — 1. The group GL{S) acts on 
C[Ai-HO)]- Thus GL{d) acts on Mi(C[^-HO)])- We define a graded 5-module 

(17) eoMi{C[fi~\0)]f'^^'^'^'^ . 

where eo — Eqq. Let T^e be the sheaf associated to Ve. We show that Ve is a direct 
sum of / line bundles. For i = 0, . . . , Z — 1 let £i be the sheaf associated to the 
following graded S*- module Ci, 

(18) A= C[Ai-i(0)]^^(^)-x"x^. 

where = e; — eo G Zg. Consider the i-th column of Ve- The group GL{5) acts on 
-Boi G A/;(C) by the character by (fTHl) . Thus the coefficients of the z-th column 
of Ve coincide with Ci . Then, each Ci is a line bundle on 97le [5) and we have 

/-I 

^.==0A. 

Note that T^e is a rig ht module of the matrix algebra Mi{<C[iJi-'^{0)])^^^^\ Let 
and ^* be the following elements of M/(C[^"i(0)])'^^(''): A, = Ei^^_i ® U and 

A* = E'i-i.i ® ^i. Then the collection of maps {Ai, ^*)i=o,...,i-i gives an action of 

Q onVe- Thus we have the following proposition. 

Proposition 3.5. The vector bundle Ve is a tautological bundle on d7le{5). 

Lemma 3.6. The module C[/x"HO)]'^^^''^''^"^"' is a C[to ■ ■■ti^i]-free module. 

Proof. Consider the grading of the C[to ■ ■ • i;-i]-module €[^"^0)]'^^^''^'^"^"* de- 
fined by the degree 

degife = 0, degCfe = l. 

Since M~^(0) ^ Ui=o{^' — 0}' C[io • • • i/-i]-niodule C[^^^(0)] is torsion free. 
Thus, each component with respect to the above grading is a finitely generated 
torsion free C[io • • • i;-i]-inodule. The algebra <C[to ■ ■ - ti^i] is a one-dimensional 
polynomial algebra. Therefore a finitely generated C[to ■ ■ ■ t;_i]-torsion-free module 
is automatically C[io • • • ^i-i]-free. □ 
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3.4. Vanishing of higher cohomologies. In the previous subsection, we con- 
structed the tautological bundle Ve- To calculate the higher cohomologies of Vg^ 
we recall well-known facts about line bundles on the toric variety X(A) ~ 
Let Pic(X(A)) be the Picard group of X(A). Let Di be the divisor of X(A) cor- 
responding to Vi € N for I = 0, . . . , Z as in [Fu, Sec 3.3]. Under the isomorphism 
Pl)) . Di corresponds to Ur^ defined by PT|) for i = 1, . . . , L By the general theory 
of toric varieties, we have the following lemma. 

Lemma 3.7 ([Muj (2.3), Prop 3.4). The Picard group Pic(X(A)) is generated 
by the divisors Dq, . . . , Di. Moreover their relations in Pic(X(A)) are given by: 

Do + Di + --- + Di = 0, 

i=l 

For z = 1, 1, we define the cycle D{i) = Ej=o(« " € Pic(X(A)). 

We have Pic(X(A)) = 0^^J ZD{i). 

For b = (6,)»=i,...,i-i G Z'-i, let D{b) = Yl'iZ\b,D{i) e Pic(X(A)) as in [Mu]. 
For each divisor D E Pic(X(A)), we have the T-invariant line bundle 0{D) on 
X{A). The following two lemmas are proved in [Muj . 

Lemma 3.8 ( |Mu| . Lemma 2.4). When b = {bk)k=i,...,i-i G '^'>o ? the space 
of local sections H^{Xj,0{D{b))) is a free Rj-module generated by the element 
a;EL=Lj+i('-'=)^'=y-EL=^_j+i kbk ^ 

Proposition 3.9 ( [Mu| . Lemma 2.1). Ifb~ {bk)k=i....,i-i G ^>o^; then we have 

HPiXiA),OiDib)))^0 

forpy^ 0. 

For b = {bk)k=i,...,i-i e (Z>o)'"\ let 0'{D{b)) be the line bundle on X(A) such 
that H^{Xj,0'{D{b))) is the free i?j-module generated by the element 
x^h=i-j+ii'-^^)''i'yY,kJi^''k ^ Namely, as a T-equivariant line bundle 

O'P(&))^O(I?(6))®cC(0 5.,-.,,^) 

where C(o_{,) is the one-dimensional vector space with the T-action of weight (a, b). 

Fix a stability parameter 9 = (0i)i=o,...,i-i G "^reg- Section [331 we defined 
the hue bundle Ci on the quiver variety dKg{5) for i = 0, . . . , Z — 1 by ^5]) . 

For i — Q, . . . , I ~ 1 and m € Z>o, set 

(19) fef = e;.+^?;+i + ---+^^U-i. 

where 9' = {9'f.)k=o,...,i-i = m9 + Ti G Zq. Note that we have 6^, G Z>o for all k. 
For 9' = {9'i^)k=Q,....i-i = rn9 + t,; G 1} where m G Z>o and z = 0, . . . , ^ — 1, set 

(20) ff = n (^'^'=+1 ■■■^n. ii (^'^1 --^n. ■ 

k=j k=l 

Note that fj does not vanish at the fixed point by Proposition 13.41 

We show that ff belongs to C[fj.-^{0)]'^^'^^^^^o' . We calculate the weight of the 
function fj . Because the weight of • • • is equal to the weight of • • • t,,. 
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for all k, the weight of /J is independent of j. By O'q + ■ ■ ■ + 9'i_-^ = 0, we have 

4 + Ci + • • • + Ci 

= +■■■+ + (^;... + • • • + + • • • + (^;-. + • • • + 



Thus, we have 

/-I 

_ _ _ e ^bl: _ TT _ 



fc=l *:=o,...,;-i 
Thus the weight of is 



fc=0 



fc=0 fe=0 

Therefore, ff belongs to Ci^f^HO)]'^^^''^''^''' for aU j. 

Lemma 3.10. For 1 < j < I and < i < I ~ 1 and m e Z>o, H°{X'j,Ci (g) 0(m)) 
is the free R'j -module with the generator with 9' = mO + G Zq. 

Proof. By the definition of Ct Laurent monomials of • • ■ , ^/-i, Co, ■ • ■ , 6-i 
with the G'L(i5)-character X6' span H°{Xj,£.i (g) ©(m)) over C. 

Since the unique fixed point Prii^j+i G corresponds to the maximal ideal 
xn'j C R'j defined by (fT5|) . the generators of £i g) 0(m)) must have no zero 

The Laurent monomial /I* has no zero and no pole at Pr]i_j^i by Proposition [^31 
On the other hand, let g he a Laurent monomial with the GL((5)-character X9'- 
Then, g/ fj is a product of the following Laurent monomials: 

{to ■ ■ ■ ti^i)"^^ , (Co ■ • • 6-1)'''^, (ioCo)^\ 

h^h^llllJl^Y' forp^g. 

Therefore, g has either zeros or poles at Prii_j+i by Proposition 13.41 

Therefore, the Laurent monomials other than fj have either zeros or poles at 
Pm^j+n fj is the generator of H°{Xj,£i g) 0{m)) over Rj. □ 

We identify VJlg{S) and ^(A) by the isomorphism ([Till . 



Proposition 3.11. For i = 0, . . . , I — 1 and m G Z>o, we have an isomorphism 
of T-equivariant line bundles on ^Iflg{^) ~ X{A): Ci ® 0{m) ~ 0'{D{h)) where 
b = (&f and 9' = m9 + n. 

Proof. For j — 1, . . . , I, (g) ©(m)) is a free i?^-module with the gener- 

ator fi_j_^_i. On the other hand H'^{Xj,0'{D{b))) is a free i?j-module with the 

generator x^''='-j+i ' y^k=i '^"k _ Thus the map given by tk '-^ x, S^k '-^ y a 
T-equivariant isomorphism Ci (g 0{m) ~ 0'{D{b)). □ 



CHARACTERISTIC CYCLES OF STANDARD MODULES 



15 



By the general theory of toric varieties, we have the foUowing C-basis of 
H°{X{A),0{D{b))) for b = (6i)*=i,...,i-i G Z>o^- As in page 66], set 

Poib) = {™ G M I (m, Vi) > —a,; for i = 0, . . . , I.} 

where Ui = h-i+i + 2&(_i+2 + ••• + (? — Then we have 

H°{X{A),0{D{b))) = Cx™iy™i+''"^ 
"i6-PD(6)nJ\/ 

The following lemma is an immediate consequence of this fact. 
Lemma 3.12. As a C[x'' , xy]-module, we have 

I 6,-1 
i—l m— 

where we set hi ~ oo. 

Now we have the following proposition. 
Proposition 3.13. For i = 0, 1 and m E Z>o, we have 



(P + 0). 



Proof. Set 5 = (6| with = m6 + Ti. By Proposition 13. Ill we have an 

isomorphism of line bundles Ci ® 0{m) ~ 0'{D{b)). Therefore, by Proposition[ 
we have the vanishing of the higher cohomologies 

for p ^ 0. By the definition of Ci at (fT5|) . it is clear that 

C[/i-i(0)]<=-^('')^'^"x-' C H°{me{S), A ® 0(m)). 

We show the opposite inclusion. By Lemma [3. 12) we have 
(21) 

' ''''-'^ 

H°(X{A),0'{D{b))) = J2Y. C[x',a;y]a;^'-^+i('-^>' -^^y^ti^"^. 

k=l n=0 

On the other hand, we consider the elements gl' (n) e C[^i^'^{0)]'^^'-^^'^^^^i 



i-i _ fc-i 



j=k+l 3 = 1 

for fc = 1, . . . , / and n = 0, . . . , 6^. — 1. Here we set 6^ = cx). The homomorphism 
given by tj i— > x, i— > y maps the elements in) to the generators in (|2ip . 
The isomorphism A «) ~ 0'{D{b)) implies that (ajle ((5) , (g) 0(m)) is 

isomorphic to H°{X{A),0'{D{b))). Thus we have 

□ 

Corollary 3.14. For m G Z>o, we have 
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3.5. (g, t)-dimension. Let F be a possibly infinite-dimensional vector space equipped 
with an action of the torus T = (C*)^. Then, we have the weight space decom- 
position of V^: V = 0^ ^ Vr.s where Vr^s is the weight space which belongs to the 
weight 

pr,s : T — > C 
(mi,TO2) m^TO2 

The {q, t)-dimension of V is the following formal series: 

dim,,ty = ^(dimK,,)(7'-i^ 

The torus T acts on Rep{Q,S). The action induces an action of T on C[^^^(0)]. 
The weight spaces with respect to this action are equal to the homogeneous spaces 
with respect to the following bi-grading on C[/i~^(0)]. 

degi, = (1,0), deg^, = (0,1), 

for i = 0, 1. We consider the (g, t)-dimensions of eoM;(C[/^-i(0)])'^^(*)''^" 

for m G Z>o with respect to this action. 

To calculate the (g, t)-dimension of eoMi{C[fi-\0)])^^'^^^'^e' for m e Z>o, we 
use the following Atiyah-Bott-Lcfschctz formula together with Corollarv l3.14l 

Theorem 3.15 ( |Hal| Theorem 3.1). Let X be a smooth surface equipped with an 
action of T, and assume the fixed point set X"^ is finite. Let T be a T-equivariant 
locally free sheaf on X . For x G X'^ , T acts on !F{x). Suppose that T acts on the 
cotangent space at x with weights {vi^V2) and (lui, W2). Then we have, 

y(-i)^'dim,,i7P(x,.F)= y - — ^^v."^^"^^ — 

We will apply the above theorem for X — Tle{6) and T — Ve® 0{m). Then we 
have the following theorem. 

Theorem 3.16. For m > 0, i — 0, . . . , I — 1, we have the following identity 
(22) dim,,tC®c[to-t,-i] eoMz(C[M-i(0)])«^(*)''^" 



I 



where 

(23) d1 = -0^-291 lO.^i + {l-i~ 1)9, + ■■■ + 9i^2- 

for i = Q, . . . , Z — 1. Here we set d^ — df). 
This will be proved in the next subsection. 

3.6. The proof of the theorem. In this subsection, we prove Theorem 13.161 
To prove the theorem, we apply Theorem 13.151 for T = Vg ® 0(m) together with 
CoroUarv 13 . 1 41 for m > 1. Since we did not prove the vanishing of the cohomologies 
Corollarv 13 . 1 41 for to = 0, we cannot make use of Theorem l3.15l in this case. On the 
other hand, in the case of to = 0, the space C (Sicfto - ti-i] soMi{C[fj,~^ (0)])^^^^^ is 
independent of the stability parameter 9 = (0i)i=o,...,i-i € ^reg- Therefore we can 
easily show by a direct calculation. 
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Set A* ~ Aq + Al + ■ ■ ■ + Ai_^. By the right action on Ve given in Section [ 
eaMi{C[^j.-^{0)])^^'^'^'> is a right C[A*]-niodule. As the right C[^*]-module, we have 

i-i 

C ®c[to-t,-i] eoM,(C[M-'(0)])^^(*) = ^;o^ ® k+i ■ ■ ■ ti^itoC[A*]. 



i=0 

Therefore, we have 



' 1 

dim,,tC®c[to-t.-i]eoM,(C[M-^(0)])<=^(*) ^ ^E"?'"^! ^ 

t — Q~^ — 1 — Q 



Consider the case of m G Z>o. Since, at the fixed point pi £ 07le((5) for i — 0, 

we need to calculate dim^t C'(l)(pi) and dhnqtV0{pi). 

First we consider the fibers of ©(f ) at the fixed points p^j, . . . , Pr^. 

Lemma 3.17. We have 0{l)p^, — Op^, ff where ff is the function defined on i20\) 
with 9' = 0, i.e., 

3=i i=i 

Proof. Apply Lemma [3. f 01 for i = and m = f , we have £o ® C'(l) = thus 
we have 

H\X[,0{1)) = R'jl 
The fixed point Prii_i+i G X[ corresponds to the maximal ideal C R[. Therefore 
we have 

□ 

Corollary 3.18. For i ^ 1, . . . , I, we have 

dim,,tO(l)(p^J|^^^_, =g<. 
Proof. First we calculate the case of i = 1, then we have 

i=i 

_ -i^ll .^171+^171 + 1 .^'i71+^i71 + lH K9,,j+i_2 

^ V + 1 »Jl+2 '''''r,i+i-l 

Consider the degree given by degt^ = f and deg^^ = —f for i = 0, — f. The 

degree of /f is 

deg/f - (/ - 1)9,,, 2)9,,,+, + ■■■ + 9.,,+i^2 = <• 

Thus the statement of the corollary is valid for i = 1. On the other hand, we have 
c^?, - ^?,+i = '^i and deg/f - deg/f+i ^ Ibl. Therefore we have deg/f = for 
i = 2, 1 by induction on i. □ 

Next we consider the fibers of Ve at the fixed points. At the fixed point pi = 
[aj,bj]j=o,...,i-i defined by ([7]), we consider the stalk = 0i=o CE'ofe ® ('Cfe)p, . 

For fc = 0, 1, let Wfe be the germ of {Vg)p- defined as follows. 

Vk = EQk ®vi---Vk if A; < z - 1, 

Vk = Eok ® i^k+i ■ ■ ■ ^i-i^'o if fc > i 
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where 

tj^ (ifa.^O) 
(if&, ^0) ' 

tj (if Qj ^ 0) 

Note that the group GL{5) acts on by the character Xrki Vk is not zero at 
Pi- 

The stalk {'Pe)pi is a free Op. -module of rank I. As the Ufe above for A; = 0, . . . , 
I — 1 are clearly linearly independent, we have the following lemma. 

Lemma 3.19. For i = 0, 1, the stalk {V0)p- has the Op- -basis {wfc}|jlo- 

Corollary 3.20. For i = 0, . . . , I — 1, we have 



dimq^tVeiPt) 



J-^ 1 - 



Finally, the cotangent space of Tig (6) at the fixed points has the following well- 
known structure. 

Lemma 3.21 ( 'Mu' ) . Fori — 1, . . . , I, the cotangent space of dJlg{d) at p,^. has 
T-action with weights 

{vi,V2) = {l-i, -i), 
(wi, W2) = {—I + i + l,i + I). 

Now we apply Theorem 13 . 1 51 for J- —Vg ® 0{m) with m £ Z>o to prove Theo- 
rem [XTBl 

By Lemma and Corollarv l3.14[ we have the modules HP{dJlg{S),'Pg (E)O(m)) 
are C[to ■ ■ ■ i/_i]-free. Thus we have 
(24) 

dim,,t C0c[to-t,-i] HP{mg{S),Vg(g>Oim)) = {1-q') dim,^t HP{mg{S),Vg®0{m)). 
By Corollary [null 

dim,,tC®c[to-t,-d eoM,(C[/i-^(0)])<=^(*)'^" 

= dim,,t C ®c[to-t.-i] HP{me{d),rg ® 0{m)). 

p 

By Theorem 13.151 together with Corollary I3.18[ Corollary 13.201 Lemma 13.211 and 
|), we have 



^(-l)f dim,,* C ®c[to-t,-i] HP(mgiS),Vg ® 0{m)) 



t=q- 



_ l^ dim^^f 7^e(p^J dimg,f 0{m){pr^.) 
{l^vpjq,t)){l-wpjq,t)) 

' g<g'--N(l-g-')/(l-g-l) 

^' (l-gO(l-9-') 

1 



t=q- 



i=l 
I 



1-g-i- 



i=i 

Thus we have (HH) of Theorem [3311 
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4. Rational Cherednik algebras 

4.1. Rational Cherednik algebras. First we introduce the rational Cherednik 
algebra i/^ = Hk{'Li) for the group Z; = 'L/l'L with a parameter n = (kq, . . . , kj-i) € 
R'. As a vector space, iJ^ is given by 

= C[x](E)CZi(g)C[y]. 

The relations of iJ^ are as follows: 

i-i 

[y,x] = 1 + - Ki)ei. 

Here we set /t; = kq and is an idempotent defined in Section [2. II Note that 
depends only on Ki+i — Ki for j = 0, . . . , / — 1. We have 

xci = Ei+ix, yet = ei^iy. 

The polynomial algebras C[a;] and C[i/] are subalgebras of H^,- Moreover, the 
smash products C[a;]#Z; and C[?;]#Z/ are subalgebras of H^,. We also define the 
spherical subalgebra Uk, of -ff^ as U^, = EoHi^eQ. 

In |UOj . the following homomorphism of algebras from i/^ into the algebra 
D{C*)#Zi was defined, 

D{<C*)m, 

X ^ X, 

„ d I i-A _ 
ax X ^-^ 

i=Q 

This homomorphism is injective. This map is called the Dunkl- Cherednik embed- 
ding, and the operator Dy is called the Dunkl operator. Let be the subcategory 
of iJ^-mod such that y G if^ acts locally nilpotently on objects of O^- By |DOj 
and |GGOR| . is a highest weight category with index poset A = {0, 1, 1} 
in the sense of |CPS| . 

We define the standard modules of O^. For i = 0, I — 1, we have the 
irreducible Z;-modules Li = Cl^. Let y act trivially on Li, so this induces an 
action of the algebra C[?/]#Z;. The algebra C[y]#Zi is a subalgebra of thus we 
define the standard module Ak(«) as the induced module 



A^(i) = Hk (8'c[2/]#Zi Li. 
The following proposition is due to |D0] and |GGORj . 

Proposition 4.1. (1) For each i = 0, . . . , I — 1, the standard module Ai^{i) has a 
unique simple quotient which we denote by Li^{i). 

(2) For any simple object L G O^, we have an isomorphism L ~ Lf^li) for some 
i = 0, l-l. 

4.2. Deformed preprojective algebras. Deformed preprojective algebras were 
first introduced by |CBH| . We use another equivalent definition which was defined 
by [Ho]. 

As in Section [mi and Section [331 let Q — {I, E) be the quiver of type ^[1^. 
We consider the space of representations 

Rep(g,(5) = {(a,),=o,....i-i | a, e C} ~ C' 
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with the dimension vector 5 = (1, . . . , 1). Consider the algebra D(Rep{Q,S)) of 
algebraic differential operators. Let to, e C[Rep(Q,(5)] be the coordi- 

nate functions such that ii((aj)j=o,...,i-i) — on- Set di — d/dti. The algebra 
r>(Rep(Q, 5)) is generated by to, . . . , do, di^i. 
The group GL{6) acts on £)(Rep(Q, (5)) by 

for i = 0, . . . , Z — 1 and g — (.9fe)fe=o,...,i-i G GL{5). The action of GL{6) on 
Rep((5, S) induces a homomorphism of Lie algebras 

^i?(Rcp(Q,<5))«^(^). 

As a Lie algebra, gl{6) ~ ©-ij 0ti(C) ~ ®'lo Ce*^*' where e^'^ is a natural basis of 
the i-th component. Then, we have 

Consider the I x I matrix algebra M/(£'(Rep(Q, S))). We have an isomorphism 

(25) Mi(D(Rep(Q, S))) ~ Mz(C) ®c D(Rep{Q, d)). 

The group GL(5) acts on M;(C) by (HH). It also acts on D{Rep{Q, S)). Thus GL{S) 
acts diagonally on Mi(D(Rep(Q,S))) through the isomorphism f^^ . 
We have the following homomorphism of Lie algebras: 

r : fl[((5) ^ M,(i?(Rep(Q,<5)))«^(^), 
r = n7(g)l-|-l(X)i, 

where ru : qI{S) —> Af;(C) is given by vj{e^^^) — En. 

For a parameter A = (Ai)i=o,...,i-i G I^ii we define the deformed preprojective 
algebra T\ as 

Ta = Af,(i?(Rep(Q,<5)))«^(^) / ^ A/,(i?(Rep(Q, 5)))^^(^)(T(eW) ~ A,), 

2 = 

and define the spherical subalgebra A\ of T\ as = soT\eo where = En for 
I = 0, . . . , ^ — 1. It is clear that 

(26) = i?(Rep(Q, <5))«^(*) / ^ i?(Rep(Q, <5))<=^(*)(i(e«) - A,) 

i=0 

where Aq = Aq — 1 and A^ = A^ for i 0. 

By the proposition of Hoj together with [CBHj . we have the following isomor- 
phisms of algebras. 

Proposition 4.2 ( |CBH] . |Ho| ). For A (Ai)i=o,...J-i; K = Ki+i — Hi + l/l, we 
have isomorphisms of algebras: 

(27) H^-Ta, U^^Ax. 
This isomorphisms are given by 

T^x — > Hk., 

A* = iSidi^ ei-iyei, 

ei I > 6^. 
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Set A = Ao + Ai-\ h Ai^i, and A* = A^ + Al-\ h They correspond 

to a:;, y € H,^ under the above isomorphism. We have the following triangular 
decomposition of Tx . 

(28) Tx = C[A] ®c (0^^') ®c C[A*]. 

By the isomorphism (I27|) . we identify the rational Cherednik algebra iJ^ and the 
deformed preprojective algebra Tx with = Ki+i — Ki + (1/0- Thus we regard 
category as a subcategory of T^-mod, and denote it by Ox- Then the category 
Ox is the subcategory of 7A-mod such that the operator A* acts locally nilpotently 
on each object of Ox- We also regard the standard modules of as T^-modules. 
Denote them by Aa(?) for i = 0, — 1. As 7^-modules, we have the natural 

description of the standard modules 

(29) Ax{i) = {Tx/TxA*)e,. 
By (UHl), we have 

Axii)^C[A]U 

as a vector space. By Proposition 14.11 Aa(*) has a unique simple quotient which 
we denote by Lx{i)- 

Lemma 4.3. We have Ilom-T^{Ax(j), Ax{i)) ^ if and only if Xi + ■ ■ ■ + Xj-i G 
Z<o. Moreover in this case, Iioraq-^{Ax{j), Ax{i)) is one- dimensional and any non- 
zero homomorphism from Ax{j) to Ax(i) is injective- 

Proof- To construct a homomorphism from Ax{j) to Ax{i), it is enough to find a 
vector V € Ax{i) such that A*v = and CkV — Skjv for fc = 0, . . . , Z — 1. Indeed, if 
we have a non-zero homomorphism G }loTii{Ax{j), Ax{i)), the vector v — 
satisfies A*v = and ekV = 6kjV- Conversely, assume there is a vector v such that 
A*v — and ekV — SkjV for k — 0, - . - , I — 1- Then we can define a homomorphism 
: Axij) —> Axii) as (j){A"'lj) = A'^v for m e Z>o. Moreover, v is equal to APli 
and i -\- p is equivalent to j modulo L 

Assume the above v = A^li e Ax{i) exists. By the relation [^*, A] — X^i^o ^kSk, 
we have 

p-1 

(30) O^A*v^ A* {APli) = [A^A"]!., = A,+a,. 

By Ao + • • • + A;_i = 1 and i + p = j modulo I, we have 

p-1 

K+k = n(Xi H h Ai_i) + (Aj H h Xj-i) = n + (A^ H h A-,_i). 

k=0 

where n = (p ~ j + i)/l G ^>o- Then, we have Ai + • • • + Aj_i = — n G Z<o. 
Conversely, when — n = Ai -I- • • • + Aj_i G Z<o, the vector v — satisfies 
A*v = and etv = SjkV. Moreover, since such v is uniquely determined by i, j and 
n, we have llomT^{Ax{j), Ax{i)) = C. Obviously we have Txv = C[^]i;, thus this 
map is injective. □ 

For i j such that HomT;^ (A(j), A{i)) 7^ 0. Let Lx{i,j) be the quotient 

^ Ax{j)^Ax{t) ^ Lxit,j) ^ 0- 

By the above lemma Lx{i,j) is uniquely determined. By the proof of Lemma 14.31 
we have Lxii,j) ~ C[A]li/C[A]^"'+J-ni for some n G Z>o. Therefore, we have 

{dhnLx{i,j), A) = EllV"' ^^+k = by iOl). 
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Consider the following functors between the categories of modules: 

Ex : TA-Mod — > ^A-Mod, 

M ^ eoM, 
Fx : ylA-Mod — > TA-Mod, 

N ^ Txeo ®A>. N. 

Restricting the functors Ex and Fx, we have functors between 7A-mod and Ax-'raod. 
We also denote it by the same symbols Ex and Fa. 

Proposition 4.4. // (A,/3) ^ for all Dynkin roots j3 E 71) , Ex is an equivalence 
of categories with quasi-inverse Fx- 

Proof. The following proof is essentially the same as the argument in the proof of 
Theorem 3.3 of [GSl . 

To prove the equivalence, we show that Txeo (^Ax ^oTx — TxCqTx = Tx and 
eoT ®rx Txeo ~ Ax- It is clear that eoTx '^Tx Txeo — eoTxeo = .4a. Assume that 
TxCqTx ^ 7a, so then TxBqTx is proper two-sided ideal. By the generahzed Duflo 
theorem proved by |Gi| . TxCqTx annihilates the irreducible module Lx{i) for some 
« = 0, . . . , ^ — 1. Namely, there is an i = 0, . . . , ^ — 1 such that eQLx{i) — 0. If 
Ax{i) — Lx{i), then eoLx{i) = eoAxii) ^ because we have Aa(«) = C[a;]li. Thus, 
it contradicts the assumption eoLx{i) — 0. Assume A.x{i) ^ Lx{i), then there is an 
exact sequence 

^ AxU) ^ Axii) ^ Lxii) ^ 

for some j ^ i. Let a = dim L\(i), then we have (A, a) — and a G is a 
root. Moreover, by the assumption eoLx = 0, a is a Dynkin root. This is a 
contradiction. □ 

4.3. Parameters and orderings. In the next subsection, we define a functor 
: ^A-Mod y^A+e-Mod called the shift functor. The shift functor depends 
on the parameter A E M.{ and 9 E Zq. In this paper, we concentrate our attention 
on the case where Sx is an equivalences of categories. In this section we define our 
space of parameters. 

For A — {Xi)i=o,...,i-i S we have the highest weight category Ox- We have the 
ordering ^rep,\ on the index set A = {0, . . . , ^ — 1} which arises from the structure 
of the highest weight category Ox- Namely, 

(31) i >rep.x 3 ^ Homr,(AA(j), AA(i)) ^ ^ A, + • • • + Aj_i E Z<o 

as we proved in Lemma 14.31 
Define 

(32) Rl^g = {A = (A,)»=o,...,;-i £ K'l | A, + • • • + A,_i ^ for all i ^ j}. 
where Xi — A; — SiQ. 

Fix A = {Xi)i^o,...,i-i G H^reg- Then we have Ai -f • • • -I- Xj-i < for all i \>rep,\j- 
The set of parameters Z^reg defined in ^ is separated into — 1)! alcoves by the 

hyperplanes 9i + - - - + 9j^i = for i 7^ j. Set 

(33) 

4 = = (^0^=0,.. e Keg \ + Oj-l < if A, + • • • + A,_i E Z<o}. 

The set is a union of alcoves in Keg depending on A. If A G Kreg is generic, we 
have K = Keg- If ^ belongs to Rj.^^ n Z', Z^ is one of — 1)! alcoves in Keg- ^'^^ 
X E Kj-eg, 9 E K ^^'^ ^ 2>0 7 we have K+me ~ K ^^^^ ^rep,x+me is equal to 

By the result of |Roj . we have the following theorem and corollary. 
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Theorem 4.5 ( |Roj ) . If 0\ and Oy have the same ordering defined by iSl]) . then 
there exists an equivalence of categories 0\ ~ Oy . 

Corollary 4.6. For A £ Kreg '^'^^ ^ ^ there is an equivalence of categories 
between 0\ andO\+0. 

Fix A = (Ai)i=o,...,i-i G Mj-eg and 9 — (6'i)i=o,...,i-i G ^a- Define a new ordering 
>e of A by 

(34) i\>ej-i=>ei + --- + ej^i<Q. 

It is a total ordering and it refines the ordering C^, ep,A, i-e., i f>rep,xj implies i [^e j- 
If 6 and 6*' belong to the same alcove, \>g is equal to \>g'. If we take 9 and 6*' from 
different alcoves, [>e is different from \>gr. 

By ([H]), the ordering [>e is exactly same as the ordering C>geom,e defined in Sec- 
tion [3lT] Therefore we have 

(35) m >er]i-i >e ■ ■ ■ ^eVi- 

The following lemma will be repeatedly used in the next subsection. 

Lemma 4.7. For any i > j , we have X^- + • • • + A^._i > or A^^ + ■ • • + A,;;_i ^ Z. 

Proof. Assume A,,^. + • • • + A^;_i e Z. By ([3T|) . we have 77^ l>rep,A ?7j or rjj >rep,x Vi- 
Since l>e refines \>rep,\ and we have rji l>g rjj, the case rjj l>rep,\ Vi cannot occur. 
Thus we have rji l>rep,x Vj- Therefore we have A^^ + • • • + A^._i > by ((5^ . □ 

4.4. Shift functors. As in |Bo| , we define a functor called the shift functor between 
the two categories of modules of the rational Cherednik algebras with different 
parameters. Moreover we prove that it gives the equivalence of categories that we 
discussed in Theorem 14.51 and Corollarv l4.6l 

Fix a parameter A = (Ai)i=o,....i-i "= ^1 of the rational Cherednik algebra. We 
take another parameter 9 — (6'i)i=o....,i-i G ^o- Define 

r -iGL{S),xe 

(36) Bl = D{RepiQ, S)) / D{Rep{Q, <5))(.(e«) ~ A,) 

where xe is the character of GL{5) defined in Section [34] It is easy to see that 
has an (^A+e,-4A)-bimodule structure. 

Definition 4.8. We define the functor 

si : y^A-Mod — y y^A+e-Mod, 

The functor is called a shift functor. Restricting to the subcategory A\-mod, 
we have the functor 

Sx '. -4a -mod — > ^A+0-mod. 

In Section [121 we defined the functors E\, F\ between 7A-Mod and y^A-Mod. 
Using Ex : TA-Mod y^A-Mod and Fx+g : y^A+e-Mod -> TA+e-Mod, we define the 
shift functor 

Si = Fx+g oSioEx: Tx-Mod TA+e-Mod. 
We also denote the restricted functor 



Sx ■ 73^-mod — > 73^+e-mod 

A- 

^A 



by the same symbol S^ 

Lemma 4.9. The functor S^ restricts to a functor 



Sx ■ Ox — » Ox+g- 
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Proof. Fix M & 0\. Since we have {A*Y = (eo + • • • + e;_i) (g) 9o • • • to prove 
the lemma, we only need to show 9o • • • <9;_i acts locally nilpotently on 5^(eoAf) = 
Bi eoM. Fix b e Bl and m e eoAf. We have {do ■ ■ ■ di-i)Pm = for a 
sufficiently large p E Z>o. Consider a filtration {FfeS^lfc defined by the degree 

degii = 1, deg9i = {i ^ 0, . . . ,1 - 1). 

For b £ FkB^\Fk-iB^, let q be an integer greater than k + p. Then, we have 

[{do---di-iy,b]^b'{do---di-ir 

Here b' = Y!}^i ad(ao • • • <9i-i)^(fo') • (c^o • • • G 6^ Thus, wc have 

{do--- di-i)% ®m^b{do--- di^i)" ® m + [(9o • • • di^i)", b] m 

= 5 (g (9o • • • di-iym + b'®{do--- di-iYm = 0. 

Therefore do - - - acts locally nilpotently on 5^(eoA/). □ 

Let Ax be the subalgebra of Ax generated by the elements todo and to - - - 

Lemma 4.10. For fc = 1, . . . , Z — 1, letb^^. be the non-negative integer defined by 
(01) with 9':^e.Fork^l,...,l-l,n = 0,...,bl-l, define 

9k{n) = • • • t,n n (^''.+1 • • • *m f (5m • • • dm T R ' ' ' 

j=k+l j = l 

and, for n e Z>o, define 

l-i 

gi{n) = {do---di^irY[{d^,---d^^f. 
T/ien {5fe(n)}fe,n generates Bf^ as a left Ax-module. 

Proof. Consider the filtration of B^ defined by the order of differential operators in 
D{Rep{Q,S)). By [Boi (5.1)], the associated graded module is 

grS^ =C[a*~\0)]^^(^)'^«. 

Thus the statement of the lemma follows from Proposition I3.f 31 and Lemma 13.121 

□ 

Proposition 4.11. For A = {Xi)i^o,...,i-i G ^ieg ^''^d 9 = {9i)i=o,...d-i G ™^ 
have 

S'^{eoAx{i)) ~ eoAx+e{t) and Si{Ax{t)) ~ Ax+e{i) 
for all i = 0, . . . , I — 1. 

Proof. We show that Sf^{eoAx{rii)) is isomorphic to eoAx+e{'qi) for all i = 1, . . . , Z. 
To prove this, we see the structure of S^{eoAx{rii)) with the help of the geometric 
information which we studied in Section [331 As a result of it, we can construct the 
isomorphism S^{eoAx{r]i)) ~ eoAx+e{r]i) explicitly. 

Let Wk{n) = gfc(n)(K)eoio^/-i ■ • ■ be an element of 5^(eoAA(?7i)) = B^i^^x 

eoAx{r]i). By Lemma B.lOf {wfc(n)}fc,„ span the module B^(>^j[x &oAx{rji). We show 
that the vector ^^(O) generates (g)^^ eoAx{rii) and {do - - - 9/_i)wfe(0) = 0. 
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First we show Wk{n) is non-zero when k < i or k — i and n = 0. We identify 
Wk{0) = Wk-i{bk~i ~ !)■ Then, by a straightforward calculation, we have 



{to ■ ■ ■ ti^i)wk{n) 



i-i 



j=k+i 

k-l 

(-1 

k-l 

{dm ■ ■ ■ K n ("^"1 • • • ^-no ® eohti-i • • • 1^, . 



For 1 < p < k, we have 



fc-i 



fc-1 

= ~{k + ■■■ + K-l + II + " - 1) 



q=p 

(^m • • • d^kT^^ n (^"1 ■ ■ ■ eototi-1 • • • 1,K . 



Thus we have 



{k k-l 1 

For any p = 1, . . . , i — 1 we have A^^ + • • • + A,,._i > or A,,p + • • • + A,,._i ^ Z by 
Lemma H771 Thus the coefRcient of the right hand side of this equation is non-zero. 
Therefore we have 



(to • ■■ti-i)^T=\ ""'w^ifi) = CwiiS)) = C[|(t„^+, • ■■tri.f^ ® eoto<;-i • ■■tm+l'^v^ 

i=i 

where C E C\{0}. Since the right hand side of this equation is non-zero, so is 
Wi(0). Moreover, for k < i, Wk{n) is non-zero and it belongs to C[to ■ • ■ti-i]wi(0). 
Then, we have 

(37) C[to • • • tl^l]w^{Q) = Cw,{Q) ® Cwfc(n), 

k<ii,n 



and it is C[to • • • t/_i]-frcc. 
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Next we show Wk{n) = when k > i or k ~ i and n > 1. Insertmg J1j=A;+i ^Vj^Vj 
into the factors of Wk{n), we have 

/-I / 

3=k+l j=k+l 



(38) = 0. 

On the other hand, we have 



] = k+l j=k+l 
fc-1 

(39) -| n -(A,, +--- + A„,-i)i^«fe(n) 

For j ^ i, we have A^^. + • • • + A,,._i 7^ 0. By and ((55)) . we have 

(40) u;fc(n) = 

for k > i or k — i and n > 1. 
By Lemma [4. 101 we have 

Bi(g>A, eoAA(?7.0 =^C[to---ii-i]«^fc(n). 

k,n 

Then, by (gD]), we have 

(41) Bi (g>A, eoAxim) = C[to ■ ■ ■ U^iHiO) + ^ C[to ■ ■ ■ ti^i]wk{n). 

k<i,n 

By ([5^ . we have Wk{n) E C[to • • ■ ti-i]wi{0) for k < i. Thus we have, 

(42) C[to ■ ■ ■ti-i]wk{n) ^ C[to ■ ■ ■ti^i]w,{0). 

k<i,n 

By dH]) and (gS]), we have 

(g>A, eoAx{T^,) ^ C[to ■ ■ ■ti^i]w,{0). 

Therefore we have A*Wi{0) = and Wi{0) generates the module B^^Ax eQA\{rii). 
Thus we have S^{eoAx{r]^)) ~ eoAx+g{r]i). 



By Proposition 14.41 F\+g is an equivalence of categories. Thus, we have 
Fx+e{eoAx+e{i)) ^ Ax+0{i). Therefore we have 

Si{Ax{i)) = Fx+e o S'x ° ^^a(Aa(z)) ~ ^^A+e(eoAA+e(«)) =^ AA+e(z). 

□ 
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Next, we show that the shift functor is an equivalence of categories between 
Ax-Mod and Ax+e-Mod. 

Lemma 4.12. For A G K^eg, 6 e Z^^ and i, j — 0, . . . , I — 1 such that i t>rep,x j, 
the shift functor sends the exact sequence in Ox, 

O^Ax{j)^Axii)^Lxii,j)^0 
to the exact sequence in Ox+e, 

^ Ax+eU) ^ AA+9(^) ^ Lx+eii,j) ^ 0. 

Proof By Proposition [ilTl we have §1{Ax{k)) = Ax+e{k) for k = i, j. Then 
iS^((/9) is a homoniorphism 

By Lemma |4.3[ S^{(p) is injective and its quotient is Lx+e{i, j)- Since is a right 
exact functor, it impHes S^{Lx{i,j)) — Lx+e{i,j)- □ 

Corollary 4.13. For A G M^.^^, 6* e and i = 0, 1, we have 

SliLxii)) ^ LA+e(*). 

Proposition 4.14. For A G Rj-eg O'^d e Z^, </ie functor is an exact functor 
from Ox to Ox+e ■ 

Proof. Since 5^ is right exact, to prove the exactness it is enough to show that 
sends injective homomorphisms to injective homoniorphisms. Assume there is a 
non-zero module M e Ox such that 5^ (A/) — 0. Without loss of generalities, we 
can suppose that M is irreducible. By Proposition 14. 11 M is isomorphic to Lx{i) 
for some i = 0, . . . , I — 1. On the other hand, we have 5^(La(«)) — Lx+e{i) by 
Corollarv l4.13l This contradicts the assumption S^{M) = 0. □ 

The following proposition is a result of the general theory of highest weight 
categories. R. Rouquier suggested it to the author as an approach to proving that 
iS^ is an equivalence, using it to prove the equivalence of S^. The following proof 
of the proposition is given by S. Ariki. 

Proposition 4.15. Assume there are two highest weight categories (O, A), (C, A') 

which are equivalent to each other. If an exact functor F : O — > O' preserves 
the partial orderings of A and A', and F sends the standard modules of O to the 
standard modules of O' , then F is an equivalence of categories. 

Proof. We denote the partial ordering of index poset A by l>. We also denote the 
standard modules of O by A{i) and the simple modules of O by L{i) for i £ A. For 
i G A, let P{i) be the projective cover of L{i). 

Let G : C — > O be an equivalence of categories. Consider the exact functor 
F' = G o F : O — > O. Since G and F preserve the partial orderings of A and A', so 
does F'. Since G is the equivalence, F' is an equivalence of categories if and only 
if F is an equivalence of categories. Therefore we assume O' — O and F : O — > O 
is an exact functor such that F{A{i)) ~ A{i) for any i £ A. 

First we show that F{L{i)) ~ L{i) for any i € A by induction on i. If i is minimal 
in A, we have L{i) = A{i). Thus we have F{L{i)) ~ L{i). Assume F{L{j)) ~ L{j) 
for all j <ii. Consider the exact sequence 

N{i) A{i) -> L{i) 0. 
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In the composition factors of N{i), only L{j) with j <J i appears. Thus F{N{i)) 
and N{i) has the same composition factors by the hypothesis of the induction. 
Therefore we have F{L{i)) ~ L{i). 
Second, we have 

(43) Ext"(M, N) ~ Ext" {F{M),F{N)) 

for any M, TV and n by inductions on the length of AI and N. In particular, F is 
fully faithful. 

By we have Ext^(F(P(i)), L{j)) — for any i, j £ A. Moreover, we have 

Ext\F{P{i)),M) = 

for any i e A and M by induction on the length of M. Thus F{P{i)) is a pro- 
jective object in O. Since, End{F{P{i))) ~ End(P(i)) is a local ring, F{P{i)) is 
indecomposable. On the other hand, F{P{i)) has F{L{i)) ~ as its quotient. 
Therefore, we have F{P{i)) ~ P{i) for aU i G A. 

Let A be a finite dimensional algebra such that O ~ A- mod. Since F{P{i)) ~ 
P{i) for all i e A, we have F{A) ~ A. 

Therefore we have 

F{M) ~ F{A (E)A M) ~ F{A) (g)A M ~ M. 
for any M £ O. Therefore F is an equivalence of categories. □ 

Remark 4.16. Since we proved S^{Lx{i)) ~ Lx^e{i) in Corollary \4.1^ we actually 
do not need the first part of the above proof. 

Theorem 4.17. For A € R^-eg ".rid e Z{, the shift functor : Ox — > Ox+e is 
an equivalence of categories. 

Proof. By Corollarv l4.61 we have an equivalence Ox — Ox+e- By Proposition 14. 141 
Sx is an exact functor. The assumption of Proposition 14.151 is satisfied for F = Sx 
by Proposition 14. Ill Then is an equivalence of categories. □ 

Corollary 4.18. The shift functor is an equivalence of categories between 
^A-Mod and Ax+e-^^od, and is an equivalence of categories between T^-Mod 
and T^+e-Mod. 

Proof. This proof is essentially same as the proof of Theorem 3.3 in [GS1| . 

To prove the equivalence, we show that B'^^g'^^^^gB^ ~ Ax and B^'^^.x B^^g ~ 
Ax+e- Assume that / := B^^g '^Ax+g B^ ~ B^^gB^ ^ Ax- Then / is a proper two- 
sided ideal of ^a- By the generalized Duflo theorem proved in [Ui], / annihilates a 
irreducible module e^Lxii) for some i = 0, . . . , I — \. However, by Theorem 14.171 
we have 

IeoLx{i) ~ B^lg <»Ax+6 Bl <»Ax eoLx{i) ^ eoLx{i). 
Therefore / = Ax- The second isomorphism can be proved similarly. □ 

In the rest of this subsection, we consider the (.Aa+s, '7A)-bimodule S^{eoTx) = 
Bi^Ax eoTx. 

First we define a space 

Mx=Mi{D{Rcp{Q,S))) /;^A/,(i^(Rep(Q,<5)))(T(e«)-A,). 

i=0 
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Then, consider the foUowing natural maps: 

: cqTa = eoTW^^^*^ — > eoMx, 
02 : eoAx = eoTxeo — > cqMx, 

The above maps 0i, (t>2 and 03 are clearly injective. Then, these injective maps 
induce a map 

Bl ®A, eoTA BieoTx C e^Mx- 

Clearly the image of this map is inside the subspace cqM^^'"^'^'^" , thus we have the 
following map: 

(44) e : Bi eoTx eo^^^^('^^^^ 

h® 4>3{b)(f>i{m). 

It is a homomorphism of (y^^+e, 7x)-bimodules. 

Lemma 4.19 ( |Bo) . Lemma 6.8). Let B be a left Ore domain and P an {A,B)- 
bimodule which yields Morita equivalence between A and B. If P' is torsion free 
A-module, then every surjective homomorphism P — > P' is isomorphism. 

Set 

(45) Mt^g = {(A,)»=o,...,i-i e Mteg I A, + • • • + A,_i ^ foraUi^j}. 
Lemma 4.20. For A G Kj-eg; ^ ^ homomorphism Q is injective. 

Proof. Set A'"^^ = CiTxe-i for each i = 0, 1. Each A^^ is a left Ore domain. 

The (7a, .4^*'')-bimodule 7a yields a Morita equivalence when A G Kj-eg by the 
same argument as in Proposition 14.41 for the (^Ia, 7A)-bimodule eo7A. Therefore 
Bx®Ax^Q^\^i = B^iS)Axeo'Tx(!^)TxTxei yields a Morita equivalence between Ax+e and 
A'-^I The module S^eoTe, is a torsion free y^A+e-module. Applying Lemma [4. 191 
to P (giAx eoTxe^ and P' = Ble^Txe,, we have B{ eo^AC, ~ Ble^Txe^ C 

eoA^A^^'^^'^^'e, for i = 0, . . . , Z - 1. Therefore we have B^ eo^A =i B^coTx C 

4.5. g-dimension of representations. In this subsection we calculate the q- 
dimension of the module 'C®c\^to---ti-i]Bx®Ax^oT^\- This result is used in Section 
to prove our main theorem. Theorem 16. II 
Consider the Euler operator 

l-i i-i 



euA = ^A,A* - ^c,(A)e, e Tx 



i=0 



where Ci{\) E K such that Ci+i(A) — Ci(A) = iKi^i — lKi = lXi — 1 and co(A) + ci(A) + 
••• + Q-i(A) - 1. 

For li E AA(i), euA acts as follows: 

(46) euAl« = -c,(A)l,. 

The following lemma is proved by a straightforward calculation. 

Lemma 4.21. (1) [cua , A^] . 

(2) [euA,A1 = -4*- 

(3) [euA.e,] =0. 
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A 7A-modulc (or y^A-niodule) M is called a graded module if M has a vector 
space decomposition M ~ ®m Afm such that AiM^ Q M^+i, A* Mm C Mm-i 
and CiMm Q Mm for all i. 

For a graded module M = 0^ Mm and e M, let M[fc] be the graded module 
shifted degree by k, i.e. 

{M[k])m = Mm+k- 

For a module M € 0\, M has a vector space decomposition M — Mm 
where M,„ is the generalized eigenspace for an eigenvalue m with respect to cua- 
By Lemma [4.21[ this decomposition makes M a graded module. This grading is 
called the canonical grading. 

For a standard module Aa(«) (« = 0, . . . , I — I), let Ax{i) be a graded module 
which is isomorphic to A\{i) as an ungraded module, and 

V / m V / m 

Considering A\(i) to be a graded T^-module with the canonical grading, we have 

(47) A^{i) ^ Aa(z)[-c,(A)] 

as a graded T^-module by (|46|) . 

For a (7a' , 7A)-bimodule Af, let yeux be the operator on M: 

x>en\{m) — eux> ■ m — m ■ eu\. 

for m G M. We have the decomposition of M, 

M = M„ 

n 

where M„ is the generalized eigenspace for an eigenvalue n with respect to the 
operator a'GUa. By this decomposition, M is a graded module. This grading is 
called the adjoint grading. 

The (Tx, 7A)-bimodule T\ has the decomposition 

Ta = 0(T,)„ 

where {T\)n is the eigenspace for an eigenvalue n ^ "L with respect to the operator 
aCUa- This grading coincides with the grading given by the degree, 

deg Eij (g)tk^l, deg Eij (g) dk ^ -I- 

For an (^a', -4A)-bimodule M, let a'GUa be the operator on M, 

A'euA(m) = eoeuA'Co ■ m - m ■ eoeuAeo- 

Then, the operator a'GUa gives M the structure of a graded module. We also call 
this grading the adjoint grading. 

Consider the following decomposition of B^, 

where {B^)^ is the eigenspace for an eigenvalue n with respect to the operator 
A+eeuA. By the above decomposition, is a graded module. This grading coincides 
with the grading given by the degree, 

degtfe = l, deg9fe = -l. 

In the rest of this subsection, we assume A £ ^leg 9 E Z^^. 
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Lemma 4.22. For i — 0, . . . , I — 1, we consider the grading of the module 

induced from the adjoint grading of Bf^ and the grading of A\{i). Then we have 

Bi^A, eoAxii) ~ eoAx+eiiM] 
where are the integers defined on i23\) . 

Proof. We have the two gradings on the standard modules A\{i) and A\+0{i). Let 
degcan be the degree defined by the canonical grading and let deg;^ be the degree 
defined by the grading of A\{i). For the other graded modules, let deg be the 
degree of the grading of each module. 
We have 

Bi (g>A, eoAx{i) ~ eoAx+g{i) 
as ungraded modules by Proposition 14.111 Considering the canonical grading, we 
have 

deg^„„ (6 (g)v)^dcgb + deg^„„ v 

for b e B{ and v € eoAA(i)- 
By (gll), we have 

degca„(«) = <iegxiv) - c,(A) 
degca„(v') = degx+e{v') - q(A + 0) 
for V e A\{i) and v' G AA+e(i). Therefore we have 

degA+9 ib®v)= deg,„„ (6 ® + c, ( A + f?) 

= dcg(6)+dcg,,„(t;)+c,(A + 0) 
= deg(6) + degxiv) +c,{X + 9)~ c,(A) 
= deg(6 (g) w) + c,(A + 6)- c,(A). 
On the other hand, we can easily obtain 

d-+i ~ dt = m - (c,+i(A + 9)- c,;(A + 9)) ~ (q+i(A) - c,(A)), 
do+4 + --- + df_i =0. 

Thus we obtain 

c,(A + 0)-c,(A) =d^ 

□ 

For a graded module M — M,„, define the q-dimension of M as a formal 
series 

dim<,M = ^(dimA'f„Oq™. 
By the above lemma, we have the g-dimcnsion of (S^(eoAA(^)) = -B^ ®Ax 
dim,S^ eoAA(») = l"^^''" 

for i — . . . , I ~ 1. Here we set = dg. 

The adjoint gradings of and T\ induce the gradings of the '?A)-bimodule 
^\®A\T\- They also induce the grading of the left .AA+e-module B\®Ax'^\®c[a*]'^ 
and the grading of the right T^-module C ®c[to - ti^i] ^\ ®Ax 

By (IH]), we have the following natural isomorphism as graded y^A+e-modules 

Bl ®Ax eoTA ®c[A-] C ~ eoAA(i) 

i=0 
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By the above equations, we have 



1 



l-l 



1 



dim, <E)A^ cqTa (8)c[a-] C = g' 



'0 



1 



^ %=l 



,d"+l-i 



1 



Lemma 4.23 f| GSl| . Theorem A.l). Let R be a connected Z>Q-graded C-algebra. 
Let P be an R-module that is both graded and projective. Then P is a graded-free 
R-module in the sense that P has a free basis of homogeneous elements. 

Lemma 4.24. (1) The module S^{eoT\) = B^(E)Ax ^o^x ^■s graded-free as a left 
C[io ■ • ■ ti^i\-module and graded-free as a right 'C[A*]-module. 

(2) B^y® Ax^o^)^®C[A']^ a finitely generated, graded-free C[<o • ■ ■ ti-i]-module. 

(3) C (E)c[to---ti-i] ^x'^Ax sqTx is a finitely generated, graded-free right C[^*]- 



Proof. The following proof is essential the same as the proof of [GSl) Lemma 6.11]. 

(1) By Proposition 14.41 and Corollary 14.181 ®Ax is projective as a left 
^A+e-module and a right T^-module. By the structure of the graded module BI^®Ax 
e^Tx which is defined above, B^)^®Ax ^oTx is graded as a left C[to • • • t;-i]-module and 
a right C[A*]-module. By Lemma H.231 B^y^®Ax is graded-free as a C[io • ■ ■ ^i-i]- 
module and a right C[A*]-module. 

(2) By (gn]) and Proposition 14. Ill we have 



i=0 

Therefore, ®Ax ®C[A*] C is graded-free. 

(3) First, we show that ®Ax ^o^x is a finitely generated right module over 
i?= (C[to---ii-i])°P<»cC[A*]. ByLemma|i:iniS^(^^^eoTA C eoTW^^^*^'^*. Thus 
grS^ ®Ax eo'T'A C gienMf'^^'^'^'' ^ eoMl{C[^l-^{0)]f^^^'^■^% which is certainly a 
noetherian C[to • • • t;_i](g)C[y4*]-module. The C[to • • • t;_i](8iC[A*]-module structure 
of gr (^Ax eo'?A is the one induced from the i?-module structure of (>^Ax ^o'^x- 
Therefore, i^Ax ^oTa is finitely generated. 

By (2), E = {A*,{to---ti — 1)} is a regular sequence for the right _R-module 
B^ (^Ax eo^- In particular, if n = A*R+{tQ ■ ■ ■ ti^i)R, then S is a regular sequence 
for the i?n-niodule (K^ ®Ax eo^)n- By the Auslander-Buchsbaum formula jMa|, 
Ex. 4, p. 114], (S^ ®Ax eo'^)n is free as a _Rn-module. 

Finally, C (8'c[to - t,_i] ^x ®Ax ^o'^a is a finitely generated, graded C[v4*]-module 
and so corresponds to a C*-equivariant coherent sheaf on C. Therefore, the locus 
where C ®c[to---ti_i] ^x ®Ax ^oXx is not free is a C*-stable closed subvariety of C. 
If this locus is non-empty, it must contain € C. By the conclusion of the last 
paragraph, the stalk at € C of C <8ic[to - t(-i] ^x ®Ax ^n^x is free. Therefore, 
C «)c[to---t,-i] ^x ®Ax eo^A must be f ree S ince C «'c[to---t,-i] ^x ®Ax eo^A is graded 
module, it is graded free by Lemma 14.231 □ 

By Lemma 14.241 a homogeneous C[A*]-basis of C ^cito - ti-i] ®Ax ^qTx is 
given by a homogeneous C-basis oiC^ciUyU-i] ®Ax ^qT^x ®c[a*] C. Therefore 
we have the following proposition. 

Proposition 4.25. We have 



module 



l-l 



Bi (E)Ax eoTx ®c[A*] C ~ eaAx+e{i) ^ C[to ■ ■ ■ t;_i] (E) Cli. 



(48) 




i=l 



CHARACTERISTIC CYCLES OF STANDARD MODULES 



33 



5. Gordon-Stafford functors 

5.1. Z-algebras. In this section, we define the functor $^ of (O as Boyarchenko 
defined it in [BoJ . First we review the definition and basic properties of Z-aigebras. 

Definition 5.1. A lower-triangular Z-algebra B is an algebra such that 

(1) B is bigraded by Z in the following way: B = ®j>j>Q Bij. 

(2) The multiplication of B is defined in matrix fashion, i.e., B satisfies BijBjk Q 
Bik for i > j > k > but BijBik =0 if j ^ I. 

(3) Bii is an unital subalgebra for all i £ Z>o. 

We also define graded modules of lower-triangular Z-algebras. Let i? be a lower- 
triangular Z-algebra. A graded B-module is Z>o-graded left S-module AI = 
©iGZ>o ^^^^ BijMj C Mi for all i > j > and BijMk = if j ^ k. 

Homomorphisms of graded S-modules are defined to be graded homomorphisms of 
degree zero. 

We denote the category of graded B-modules by i3-Grmod, and denote the 
subcategory of finitely generated graded S-modules by i3-grmod. 

A graded module M = 0igz^j, Mi e B-Grmod is bounded if Mi = aU but 
finitely many i € Z>o, and torsion if it is a direct limit of bounded modules. 
We denote the subcategory of torsion modules in _B-Grmod by i?-Tor, and the 
subcategory of bounded modules in B-grmod by _B-tor. The corresponding quotient 
categories are written i?-Qgr = i?-Grmod/i?-Tor and i?-qgr = _B-grmod/i3-tor. 

For a graded commutative algebra S ~ ®mez>o ^"n we define a lower-triangular 

Z-module S — 0j>j>o Sij where Sij — Si-j for i > j > 0. Define the categories 
S-Grmod, . . . , S'-qgr in the usual manner. Then, as in Section 5.3 of [GSlj . we 
have equivalences of categories: 

5-Qgr ^ 5-Qgr, 
(^49) "S'-qgr — > 5-qgr, 

M = ^ Af = M,. 

We define another example of Z-algebra called a Morita Z-algebra. Suppose we 
have countably many Morita equivalent algebras {Bi}i^z>Q and Bij is a {Bi,Bj)- 
bimodule which yields Morita equivalences for i > j > 0. Moreover, suppose we 
have an isomorphism Bij ®b - Bjk — Bit for i > j > fc > 0. Set Ba — Bi and define 
the Morita Z-algebra _B to be i? = ®i>j>o Bij. Note that our definition of Morita 
Z-algebras is same as one of |GSlj , and it requires a stronger condition than one of 

Lemma 5.2 (GSl, Lemma 5.5). Assume Bq is noetherian, then 

(1) Each finitely generated graded left B-module is noetherian. 

(2) The association (j) : M ^-^ ®iez>o ®Bo M induces an equivalence of 
categories between i?o-mod and B-qgr. 

5.2. Construction of the functor. For a stability parameter 9 G Zj.^^, set 

5= ^,„, 5™ = C[/i-i(0)]«^(*)'^" 

mSZ>o 

as defined in Section 13.11 By Proposition 13.31 have an isomorphism dJlg (S) ~ 
ProjS'.^ 

Let S = ®j>j>o Sij be the lower-triangular Z-algebra obtained from the above 
graded algebra S. By (|^ . we have an equivalence of categories S'-qgr ~ Coh(JXItg{S)). 
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Fix A e Mteg and d ^7L\. Recall the algebra Ax of and the bimodule 

of (HSl). Set Bi = y^A+ie for i e Z>o and set By = ^iV/e^ i > j > 0- By 
Corollary [133 is a (B^, iJj)-biniodule which yields a Morita equivalence. 

Proposition 5.3. For A G K^.^^ arjc? £ Z^, we /laue i/ie isomorphism 

"A+je '^-Aa+jo ^A+fce — "A+fce • 
Proof. We apply Lemma 14.191 for the algebras A = A\+ie, B = Ax+ue and the 
modules P = B^^^^l^ ®Ax+je ^x+ke^ ^ ^' = ^x+k9^- "^^^ar that B is a left 

Ore domain, P' is torsion free and P yields an equivalence of categories by Corol- 
lary 2TTH1 We have the surjective homomorphism 

^ — "A+je "^-^A+je '^X+k9 ^ ^ — "A+fee 

6i (8) 62 I— ^1^2 

Thus, by the above lemma, it is an isomorphism. □ 

By the above proposition, we have the Morita Z-algebra B = ®i>j>Q Bij where 
Bii = Bi = Ax+ie ■ By Lemma 15.21 we have an equivalence of categories 

y^A-mod — > B-qgr, 

The algebra Ax and the bimodule B^ are filtered by the order of differential 
operators in D(Rej>{Q, S)), and we have 

gvAx^C[^i-\0)f^^'^ = So, 

gr^r ^C[Ai-i(0)]^^(^)''^" 

The filtration induces the filtration on the Morita Z-algebra B = ®i>j>o Bij. Thus 
we have the following theorem as in jCSl] and jBoj . 

Theorem 5.4. For A E Kj-eg, G Z^, define Z-algebras B and S as above. Then: 

(1) There is an equivalence of categories ^^-mod ~ -B-qgr. 

(2) There is an isomorphism of lower-triangular Ij-algebras gr_B ~ S". 

(3) We have an equivalence of categories S'-qgr ~ Coh{dJlg{S)). 

Let T^-Filt, ^A-Filt be categories of filtered modules. Given (M, A) g 7^-Filt 
(resp. € ^A-Filt), we say A is a good filtration on M if gr^ M is a finitely generated 
grTA-module (resp. gr ^A-module) . We denote the subcategories of good filtered 
modules by 7A-filt and ylA-filt. 

Let (M, A) e ^A-Fih. Then each module M{i) = Bf <Siax M is filtered by the 
tensor product filtration 

A''M{i) = F^Bf (8) K^-^M 

where F is the filtration of B^^ . Therefore, the i3-module M = ®jg2>o -^(0 is 
filtered and we have the graded S'-module grM = ^^^j^^^gi M{i) associated to 
M. For a graded B-module with filtration (M, A), we call A is a good filtration if 
gr^M is a finitely generated S'-module. The following lemma is due to [CjS2j . 

Lemma 5.5 ( |GS2j . Lemma 2.5). If A is a good filtration of M, then the induced 
filtration A on M is also good. 
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As in jBoj . we define the functor 

: y^A-Filt — > qcoh{mg{S)), 
(M, A) 1-^ gr^ M. 
By restricting <i>^ to y^A-filt, we have a functor 

$^ : Ax-&\t — > Coh{me{5)). 
We also define the functor from 7>,-Filt and 7A-filt 

^{^^{oEx: TA-Fih qcoHMeiS)), 
^^'S^ioEx: Tx-mt CoHMeiS)). 
We call the above functors $^ and $^ the Gordon-Stafford functors. 

6. Construction of a tautological bundle 

6.1. Main theorem. Now we consider our main theorem. We determine the image 
of the module CqTa by the functor 

Recall the set of parameter K^eg of (|45|) . Fix the parameters A = {Xi)i=Q ;_i € 

^ieg ^^'^ ^ = {Oi)i=o,...d-i G Z';^. Consider an y^A-niodule eoT\. Considering the 
filtration by the order of differential operators in D{Rep{Q,5)), bqTx is a filtered 
ylA-module with good filtration. The following theorem is the main result of this 
paper. 

Theorem 6.1. For X e R^^g, 6 e Z{ and m G Z>o, we have the isomorphism 
gr^r eoTx ~ eoMl{C[^i-\0)]f'^^'^'^'^ . 

Therefore we have 

^l{eoTx)~re 

as coherent sheaves on 

In the next subsection, we will give the proof of the above theorem. 

6.2. Proof of the main theorem. In this subsection, we complete the proof of 
our main theorem. Theorem 16. II 

First, we construct the homomorphism of Theorem l6.1l The module B^^Ax goTx 

is filtered by the tensor product filtration. The module eqA^^^''''''''^'' is filtered by 
the order of differential operators in D(Rep{Q,6)). Clearly, the homomorphism 
Q of (HH) is a homomorphism of filtered modules. Thus we have the associated 
homomorphism between the associated graded modules 

gre : gr{Bi(g>A, e,Tx) ^ gr eoAl ^ = eoA/z(C[M-^(0)])«^(^)''^«. 
This homomorphism was what we wanted to construct. 

The {Ax+e, '7A)-bimodule S^®^^ co^a is graded by the grading induced from the 
adjoint gradings of and e^Tx- The (^a+s, ^)-bimodule e^M^^''^^'^'' is graded 
by the adjoint grading with respect to the operator a+sgua. 

Lemma 6.2. The homomorphism Q is homogeneous with respect to the gradings 
ofBl eoTA and cqA^a 

By Lemma 14.201 we have the injective homomorphism 



e : eoTA ~ B^'eoTx ~^ eo^A '^'''''^^ 



To complete the proof of theorem, we need to prove the equality of the inclusion 
Bie^Tx C eoA^^"^^' 
Section 6.17]. 



B^yCoTx C cqAI^^^''''''^'' . The following proof is essentially the same as the proof 
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Lemma 6.3. The modules S™^eoT\ and cq/A^^'"^^'^^ are free as left C[to ■ ■ -iz-i] 
modules. 

Lemma 6.4. We have an equality of localized spaces 

Proof. It is clear that 

{B^'eoTxWto ■ ■ ■ C eoXf f''-'^" [{to ■ ■ ■ ti^,)-']. 

Fix an arbitrary element J /i ^oi G eoTW^^^''^'''" where /, e B'^^+^\ We 
show by induction that, for any / Eoi € FnCoAi'^''^''^^'^'' e^, there exists p G Z>o 
such that 

(50) {to---ti^i)Pf^Eo^eBT'eoT),. 
For n = 0, we have 

Thus we have 

(io---ii-i)/- (<^+l••■^/-l^o/)(^l■■•^^)• 
We have (ti+i • • • ti^itof) e S™^ and {ti ■ ■ ■ ti) ® E^i g eoTxa. Therefore we have 
([50]) for n = {). 

Assume we have (|50l) for n < uq. For / (g) Eqi G FngeoM^^^'^^'^^ e^, we have 

{to--- (g) Eoi = /(io • • • ti-i) ® £^0^ + [to • • • /] £^oi- 

The second term [to - - - /] ® i?oi belongs to F„o_ieoA^^^^'''''^'' e^. By the hy- 
pothesis of the induction, there exists p G Z>o such that 

{to--- ti^,)P[to - - - /] ® Eo^ e B-^'eoTx. 

We have {to--- ti-i)P{ft,+i - - - U^ito) G B'f and (ti • • • t,) «) £;o« G eoTxe,. There- 
fore, we have 

{to---t,^i)P+^f<g>Eo^ 

= (to • • ■ t;-i)P/(t»+i • • • t/-ito)(ti • • • to ® £^0^ 

+ (to • • • tj-i)P[to • • • t;_i, /] <g> Eo, G Sr'eoTA. 
Therefore we have (jSOp for n = no- D 

Let {flgplg.p be a C[to • • • tj_i]-free basis of B^^coTx such that homoge- 
neous vector of degree g. Let {bgq\g^q be a C[to • • • t;_i]-free basis of cqM^^^^^'^"^ 
such that hgq is a homogeneous vector of degree g. 

By Theorem 13.161 and Proposition 14.251 we have the equality 

1 



dim,C®c[t„...t,_i] B'feoTx^Y. 



(51) i=l ^ 5 

-dim,C®c[to-t,-i] eoA^A^'''^'''". 

By (fCTj) . we have: 

(fl) For any (? G M, {flgpjp and {^g^jq have finite cardinality. 

(f 2) There is T G R such that there is no nonzero Ogp and bgq when g > T. 

(t3) For any 5 G K #{agp}p is equal to #{bgq}q. 
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We show that we can adjust the basis {bgq}q to be equal to the basis {agp}p by a 
downward induction on g. By |(f3)[ we have {agp}p — {fogqig = for g > T. 

Let ~oo < G < T , suppose that {bgq\q = {o-gp\p for all 5 > G by induction. 
Suppose that there exists an element hcqo which does not belong to {agp}p- By 
Lemma 16.41 there exists an integer n € Z>o such that we have a homogeneous 
equation 

(52) {tQ---ti^iThGq„= X! Cgpagp+^CGpaGp+ 

g<G,p p g>G,q 

where each Cgp, c'g^ S C[to ■ ■ ■ iz-i]. Note that we use the hypothesis of the induction 
{ogplp ~ {bgq}q for g > G. Siucc B'^^eoTx C cqM'^^^^'''^'' , we can write each 
^ 'l2h q'^'gp^hq for somc e C[io • • -U-i]- Thus we obtain a homogeneous 
equation 

(53) (to • • • U^iThGq^ = '^opdfpbhq + ^Opd'jpbHq ^ ^'gq^gi 

g<G,p,h,q P,h,q g>G,q 

The above equations ([5^ . ([53]) are homogeneous of degree G+ln. By fS^ . degCgp > 
for each 17 and p. Thus the 6gg in the first two terms of the right hand side of (|53p 
has degree < G. Since {bgq}g^q are C[io • • • i;-i]-basis, the third term J2g>G g ^'gg^ai 
is actually zero in ([5^ . 

Now consider where bcqo appears on the right hand side of ()53p . For g < G, 
()52p implies deg Cgp > Zn for each p, thus there is no focgo ™ &vst term of the 
right hand side of ([SS]) . Thus 6g(jo appears only in the second term of the right 
hand side of ([55)1 . Since {bgq}g^q is C[to • • • t/-i]-basis, there is nonzero CGpdQp'boqo 
in the second term of the right hand side of ([55]) . In this case by ([5^ we have 
deg CGp = ?^Z- Hence d^p" e C\{0}, and we have 

OGp = d%l%Ggo + d^Gp^hq- 
(h,q)^{G,qo) 

Thus we can replace &Ggo by acp in our basis of cqA^^^'''''''*^'' . By |(f 3)[ {ocplp and 
{^Gqlg have the same cardinality. After a finite number of steps, we have {^cglg ^ 
{oGpIp and hence {focglg = {oGpIp- This completes the induction on g. Thus, we 
have {bgq}q — {agp}p for all g. It imphes the equality B™^eoT\ — cqM'^^^^^'^'' . 

6.3. Characteristic cycles. In this section, we determine the characteristic cycle 
of the standard module in dJlg{6) for i = 0, . . . , I — 1. 

Fix the parameters A = {Xi)i=o,...d-i G M^g^ and 6 — (0i)i=o,...j-i G I'x- 
M e ^A-fih, we consider M — 0mgz>o '^"^ ®Ax ^ ^"^^ coherent sheaf 
<I>^(Af) = (grM)~. Let the associated radical ideal N-^ to be the radical ideal 
Nj^ = \J anns gr M. The characteristic variety of M is 

Char(Af) = Supp($«a(M)) = V(iVjj) 

where V(/) is closed subvariety associated to ideal /. Note that Char(Af) C 
V'({y = 0}) = Z^o U • • • U for M e Ox. _ 

Let MinM be a set of prime ideals minimal over -/Vjj. If P G MinAf , let n-^ p 

be the length of the S'p-module (gr M)p. Define the characteristic cycle Ch(M) of 
M to be 

Ch(Af)= Yj'm.p^^P)- 

PeMinM 
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Let Min'Af be a subset of MinM consisting of those prime ideals P for which 
dimV(P) = dimV{N-^). Define the restricted characteristic cycle rCh(M) to be 

rCh(M) ^ ^^M.P^iP)- 

PeMin'M 

The following lemmas are proved in |GS2j . 

Lemma 6.5. The characteristic varieties, the characteristic cycles and the re- 
stricted characteristic cycles are independent of the choice of good flltrations. 

Lemma 6.6. Let 0~^A—^B~^C~^Obea short exact sequence of finitely 
generated A\-modules. Then one of the following cases occurs: 

(1) dimChar(A) < dimChar(B) = dimChar(C) and rCh(B) = rCh(C). 

(2) dimChar(A) = dimChar(B) > dimChar(C) and rCh(B) = rCh(A). 

(3) dimChar(A) = dimChar(B) = dimChar(C) and rCh(B) = rCh(^) + 
rCh(C). 

By Theorem 16. H we have the isomorphism 

By the isomorphism of ,4A-modules 

eoTA/eoTAA* ~0eoAA(i), 

i=0 

we have 

i-i 

(54) Ve/VeA* ~ <^i{eoT^/eoT^A*) ~ <^i{eoA^{i)) 

1=0 

as coherent sheaves on dJle{6). Thus we can determine the characteristic cycles 
from (l5l 



Proposition 6.7. For A G K^eg '^^d, 6 G Z^, we have an isomorphism of coherent 
sheaves 

^iieoAx{i)) ~ {'Pe/VeA*)e,. 
Proposition 6.8. For A e M.l^g, e Z\ and i = 0, 1, we have 

e,-l |-0j-i<O i>e3 «>geo™.ei 

Proof. Since the sheaf T'e is the tautological bundle on dJle{S) defined by (|17p . The 
action of A* on a fiber V0{[ak,bk]k=o,...,i-i) — ®i=o C£^oi is given by the right- 
multiplication of a matrix X]fc=o ^kEk-i,k- By the definition of lAj, we have bi = 
if and only if + + 9j^i < at [a^, bk\k=Q i-i G l^j- Therefore 

{VelVeA*){[akM]k=o,...,i-i)= C-Bq,. 

at any point [ak,bk]k=Q,...,i-i e Uj. 
By Proposition 16. 71 we have 

<I>^(eoA(A)(z)) ~ {Vg/VgA*)e,. 

Therefore we have 

Ch,(eoA(A)«)^[Z^.]+ [^J-]- 

e.+---+e3_i<o 
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By the definition of [>g and the definition of !>geom,e, we have 

i>ej^i t>geom,e j ^ 9i + h 9j-i < 0. 

Thus we have the statement of the proposition. □ 

Note that Proposition 16.81 is an afhrmative answer to Question 10.2 of [Go] in 

the case of G = TLjlTL. 

Corollary 6.9. Taking the reduced characteristic cycle rChe(M) of a module M S 
Ox induces an isomorphism of vector spaces 

rChe : K{Ox) ®z C ^ ^"^-^({y = 0}),C). 

Corollary 6.10. If rji l> 

rep, A and there is no i ^ k ^ j such that rji [>rep,A ^kj 

then 

vChe{eoLx{ri,)) = [U^^ ] + [U,-,^_, ] + ••• + [U,-,^_, ]. 
Proof. By the assumption, we have an exact sequence 

-> eoAA(?7j) eoAA(?7i) eoLx{r]i) 
of y^A-modules. By Lemma l6.6| we have 

rChe(eoAA(?7i)) = rChe(eoAA(?7j)) + rChe(eoiA('7»)). 
Therefore we have the statement of the corollary. □ 
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